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• The simplest cosmology we could possibly conceive is an extension of Newton’s 
“absolute" space, where, in a certain coordinate frame, the Universe is basically the 
same at every spatial point — i.e., is homogeneous at each instant in time.


• But we could allow this space to be different at each  hypersurface, so this 
would look something like this:

t = const .

Cosmology in a nutshell
The Friedmann-Lemaître-Robertson-Walker (FLRW) metric

time
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• It turns out that Euclidean space is not the only 
reasonable 3D space: more than 100 years ago 
(before Relativity!), Gauss, Lobachevsky and Bolyai 
discovered that Euclidean space can be generalized!


• There is a single parameter that spans the variety of 
homogeneous 3D spaces: spatial curvature,  — a 
physical quantity with dimensions of (1/distance)2 . In 
fact,  is the curvature radius!

K

RK = |K |−1/2

• The metric of these generalized “spatial sections” is given by:





which can also be written, in different coordinates, as:


dl2 = dχ2 +
1
K

sen2 ( Kχ) dΩ2

dl2 =
dR2

1 − K R2
+ R2 dΩ2 =

dr2 + r2dΩ2

[1 + K
4 r2]

2 =
dx2 + dy2 + dz2

[1 + K
4 (x2 + y2 + z2)]

2

The FLRW metric



Flat

K → 0 

Open
K < 0


Closed
K > 0

If you are familiar with General 
Relativity or Differential 
Geometry, you can show that: 

 dl2 = γij d xidx j

⇒ Rijkl = K (γik γjl − γjk γil)

Cosmology in a nutshell
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• These spatial volumes have a fundamental property: all points are equivalent. In fact, 
this is exactly what we need, because the Cosmological Principle states that, on 
sufficiently large scales, the Universe is homogeneous and isotropic:

Homogeneity without isotropy Isotropy without homogeneity

Our Universe appears to be 

both homogeneous 


and isotropic!

Cosmology in a nutshell
The FLRW metric
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• The only metric which encodes a homogeneous and isotropic spatial 
section is the FLRW, given by:


     ,    


where   is a function of time (the scale factor), and the spatial 
section is given by our former acquaintance:





• Consider now what happens for two points in the same  
hypersurface. The distance between those two positions is:


       ,        where we call  the comoving distance


This means that the physical distance between any two points is 
changing with time according to the scale factor 

ds2 = − c2dt2 + a2(t) dl2

a(t)

dl2 = γij dxidxj = dχ2 +
1
K

sen2 ( Kχ) dΩ2

t = const .

Δs = a(t) Δl Δl

a(t)

Alexander Friedmann

Georges Lemaître

Cosmology in a nutshell
The FLRW metric
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Cosmology in a nutshell

• We can think of the FLRW metric in terms of a spatial section that 
changes dynamically with time according to the scale factor a(t)

Alexander Friedmann

Georges Lemaître

a(t)

By convention, we anchor the distance scale to today ( ) so t0 a(t0) = 1

The FLRW metric
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• Let's consider a pair of points in space. Using our FLRW metric we have that the 
distance between those two points is, at each hypersurface:


           


• The speed with which these two points are separated over time can be cast in 
terms of the distance itself:


             ,    


where    is the Hubble-Lemaître function.


• But this speed also affects the light signals that propagate between those two 
points due to the Doppler effect:


    ,    where here we take  for simplicity.


This is the redshift: 

t = const .

ds2 = − c2dt2 + a2(t) dl2 ⇒ Δs2 = a2(t) Δl2

v =
d
dt

Δs =
d
dt [a(t) Δl] = ·aΔl ⇒ v =

·a
a

a Δl =
·a
a

Δs = H Δs

H(t) = ·a /a

λobs

λem
= 1 +

v
c

→ 1 +
H D

c
D = Δs

z =
λobs − λem

λem
→

HD
c

Cosmic expansion

xi
0 xi

1

a(t)

and redshift!

v
λemλobs

D

Alexander  
Friedmann  

1922

Georges  
Lemaître 

1927
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• We can establish a direct relationship between redshift and distance by considering a light 
signal emitted from one point to the other. Since photons travel along the light cone we have: 





• For simplicity, let’s assume that the light signal travels from a distant point (a galaxy) to the 
origin along a radial trajectory, so  and therefore:


     


• We can also relate redshift to the scale factor if we consider the fact that the wavelength of 
the light is a distance like any other, so:


        ,    hence 


        ,   and “obs" is now ( ), so


ds2 = − c2dt2 + a2(t)[dχ2 +
1
K

sen2 ( Kχ) dΩ2] → 0

dΩ = 0

cdt = a(t) dχ ⇒ χ = ∫
cdt
a(t)

λ ∼ a(t)λ0 ⇒ λobs =
a(tobs)
a(tem)

λem

⇒ 1 + z =
λobs

λem
=

a(tobs)
a(tem)

t0

1 + z =
1

a(t)

Cosmic expansion
and redshift!

χ1 χ2

t2

t1
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• Redshift is quite easy to measure: if we can observe the light from 
a distant star or galaxy, we can measure the same spectral 
features of the same elements or molecules that we have here on 
Earth, and then of course:


z =
λobs

λem
− 1

Distances and redshifts
and how to measure them

Spectrum 

(emission/absorption 

lines) on Earth

Same object

on distant galaxy 


(redshift )z

λ

• However, sometimes we do 
measure the light from these 
galaxies, but we can’t resolve 
the spectral features, because, 
e.g, we use some filters to 
observe the light using filters


• These “photometric" redshifts 
are inherently less accurate 
than spectroscopic redshifts.
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• But what about distances? How on Earth can we measure any length over thousands, 
millions, billions of light years?


• There are a few ways, but they all involve assuming something about the object that we 
observe at a distance.


• One way is the following: suppose you know the size ( ) of an object that you observe 
from far away. You could then use the angle subtended by that object to infer the distance. 


• Using our FLRW metric and the fact that the object is at basically the same distance from 
us (  is constant) we get:








Hence, if we know   and measure    we can infer that:


b

χ

Δs2 = a2 [Δχ2 +
1
K

sen2 ( Kχ) ΔΩ2]
⇒ b = a

1

K
sen ( Kχ) Δθ

b Δθ

dA = a
1

K
sen ( Kχ) =

b
Δθ

Distances and redshifts
and how to measure them

∆θ

b

dA =
b

Δθ

This is known as the  
angular diameter distance
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• One of the most widely used method to infer cosmic distances rely on 
another physical property of the sources: their luminosities.


• The flux observed here on Earth falls with the square of the distance 
( ), hence:





• There is one subtle detail that we need to consider: the energy of the 
light emitted at the source is redshifted as it propagates from the 
source to our telescopes,  .


• Taking this into account modifies the equation above:


dL

f =
L

4π d2
L

⇒ dL =
L

4π f

E ∼ ν ∼ 1/a

fobs =
a2

em

a2
0

L
4π R2

⇒ dL =
L

4π fobs
=

1
a

1

K
sen ( Kχ)

Distances and redshifts
and how to measure them

This is known as the  
luminosity distance

 : observed fluxfobs

: intrinsic 
luminosity
L
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• Notice that for small distances all these definitions are equivalent — 
and they converge to the usual, Euclidean notion of distance!


Angular-diameter distance:








And similarly for the luminosity distance:





Typically, within a few hundred million light years, all these 
distances are nearly the same.


• Cosmological unit of distance: Mpc = 3,26 light-years 

dA = a
1

K
sen ( Kχ) →

1

K ( Kχ −
1
3!

K3/2χ3 + …)
⇒ dA ≃ χ + …

⇒ dL ≃ χ + …

Distances and redshifts
and how to measure them

1 Mpc =  
3.26 million light years = 

30.856.775.800.000.000.000.000 m
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• That story starts with one of the great questions of the beginning of the 20th century: are 
the “nebulas" inside our galaxy, or are they outside? This meant measuring distances 
to objects that are incredibly far away!

Cosmic expansion
The Hubble-Lemaître law
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• With time (and better instruments) this diagram was extended for Cepheids in more 
distant galaxies, to other types of variable stars, and other types of “standard candles”

Cosmic expansion
The Hubble-Lemaître law

(Only Cepheids and RR Lyrae)

Freedman et al. 2001

       ,              ,         v =
·a
a

a Δl =
·a
a

Δs = H Δs
λobs

λem
= 1 +

v
c

→ 1 +
H D

c
z =

λobs − λem

λem
→

HD
c
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• Hubble and Lemaître showed that the Universe is expanding. [This is in fact 
“built in” General Relativity, and could have been predicted by Einstein or by 
Friedmann… but were not!]


• This means that galaxies are becoming more distant with time, and the 
Universe is getting colder.


• All relativistic (covariant) theories of gravity relate this dynamics (the 
expansion) with the matter sources. In Einstein’s theory of General Relativity 
(GR), this is given by the Friedmann equations.


• Starting from the FLRW metric:


    ,


and using the equations of GR we have:


    , 

    , 

where  is the matter density and  is the matter pressure.

ds2 = − dt2 + a2(t) dl2

G00 = 8πGT00 ⇒ 3
·a2

a2
+ 3

K
a2

= 8πG ρ

Gij = 8πG Tij ⇒ − 2
··a
a

−
·a2

a2
−

K
a2

= 8πG p

ρ(t) p(t)

The hot Big Bang

time

temperature

density

time

density

(
·a
a )

2

= H2

The two Friedmann 
equations are connected 

by the continuity 
equation, 

·ρ + 3H(ρ + p) = 0

Going backwards in time…
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• But what this means, of course, is that if we reach back in time early enough, 
there may be an instant when the temperature, the density, the energy, etc., 
will all become arbitrarily large — Bang!


• We can in fact solve the continuity and Friedmann equations in simple cases.


‣ For non-relativistic (“cold”) matter:





‣ Relativistic (“hot”) matter/radiation: 





‣ Vacuum energy/cosmological constant ( ): 





• All these components can coexist, and will contribute to the Friedmann 
equations:


    

pm = 0 , ρm ∼ a−3 ⟺ ·ρm + 3H ρm = 0

pr =
1
3

ρr , ρr ∼ a−4 ⟺ ·ρr + 3H (ρr +
1
3

ρr) = ·ρr + 4H ρr = 0

Λ

pΛ = − ρΛ , ρΛ ∼ a0 ⟺ ·ρΛ + 3H (ρΛ − ρΛ) = ·ρΛ = 0

ρ = ρm + ρr + ρΛ + …

The hot Big Bang

log(a)

lo
g(

de
ns

ity
)

ρΛ ∼ a0

ρr ∼ a−4

ρm ∼ a−3

time

temperature

density

Going backwards in time…
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• We can easily solve Friedmann’s equations for these simple cases of cold 
matter, radiation (hot matter) and vacuum energy ( ). Let’s assume that 
spatial curvature ( ) is zero, just for simplicity:


‣ Cold matter:





‣ Relativistic (“hot”) matter/radiation: 





‣ Vacuum energy/cosmological constant ( ): 





where 

Λ
K

ρm = ρm0 a−3 ⟶
·a2

a2
=

8πG ρm0

3
a−3 ⟹ a ∼ t2/3

ρr = ρr0 a−4 ⟶
·a2

a2
=

8πG ρr0

3
a−4 ⟹ a ∼ t1/2

Λ

ρΛ = ρΛ0 = const . ⟶
·a2

a2
=

8πG ρΛ

3
⟹ a ∼ eHΛt

HΛ =
8πG ρΛ

3

The hot Big Bang
Flavors of matter, matters of expansion

ρΛ ∼ a0

ρm ∼ a−3

a ∼ eHΛ t

ρr ∼ a−4

a ∼ t1/2
a ∼ t2/3

log(a)

lo
g(

de
ns

ity
)

log(t)

lo
g(

a)

teq tDE

☞ Question: derive these time 
dependences of the scale factor
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• Before we go on and consider the cosmological history that follow from this 
dynamics, let’s look at the way that the expansion rate behaves in this 
scenario that we painted above. Let’s recall that:


‣ Cold matter:





‣ Relativistic (“hot”) matter/radiation: 





‣ Vacuum energy/cosmological constant ( ): 


     ,    where 


• This means that we can extrapolate the Hubble-Lemaître parameter, both 
from now to the past, as well as from the past until today. We will come back 
to this when we revisit the Hubble ( ) tension between the local/late and the 
distant/early measurements of  .

a ∼ t2/3 ⇒
·a
a

=
2
3 t

a ∼ t1/2 ⇒
·a
a

=
1
2 t

Λ

a ∼ eHΛt ⇒
·a
a

= HΛ HΛ =
8πG ρΛ

3

H0
H0

The hot Big Bang
Expansion then and expansion now

ρΛ ∼ a0

ρm ∼ a−3

HΛ

ρr ∼ a−4

∼
1
2t

∼
2
3t

log(a)

lo
g(

de
ns

ity
)

t

H
(t)

teq tDE
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• We should be a bit more specific here. We can write the first Friedmann equation in terms of the 
critical density:


    ,    where      .


• We can then divide by this "critical density”  and rewrite the Friedmann equation as:


                    Density parameters (ratios):    


• We could in fact even assign a density parameter to the spatial curvature (not a density at all!):





• In that way, the Friedmann equation would be written simply as:


    ,  or equivalently,    

ρc = ∑
i

ρi −
3 K
8πG

1
a2

ρc =
3H2

8πG

ρc

1 = ∑
i

ρi

ρc
−

3 K
8πG ρc a2

⇒ Ωi =
ρi

ρc

ΩK ≡ −
3 K

8πG ρc a2
= −

K
H2 a2

∑
i

Ωi + ΩK = 1 ∑
i

Ωi = 1 − ΩK

The hot Big Bang
Expansion then and expansion now
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• The expansion rate is then expressed in the very simple form:





• Using the fact that the critical density is basically the expansion rate, and that today 
 , we have that:





• We now use the density parameters to express the expansion rate, and arrive at:





• Or even better:


H2 =
8πG

3 ∑
i

ρi −
K
a2

ρc0 = 3H2
0 /(8πG)

H2

H2
0

= ∑
i

ρi

ρc0
−

K
H2

0 a2

H2

H2
0

= Ωm0 a−3 + Ωr0 a−4 + ΩΛ0 + ΩK0 a−2

H(z) = H0 Ωm0 (1 + z)3 + Ωr0 (1 + z)4 + ΩΛ0 + ΩK0 (1 + z)2

The hot Big Bang
Expansion then and expansion now

Remember that 

a(t) =
1

1 + z
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• Let’s give some general idea about the physics quantities in these equations.


• The critical density today is simply  in different units. We have:





i.e., the equivalent (in mass) of about 10 protons per cubic meter.


• How much of that is in actual “cold" matter?





and of that, the amount in actual “normal" (i.e., baryonic) matter is





• The share of radiation (mostly photons) today is very small:


 


• Even with a rough estimate of these numbers we are able to imagine what happens in such a Universe…

H0

ρc0 =
3H2

0

8πG
= 1.05 × 104 ( H0

100 km s−1 Mpc−1 )
2

eV cm−3

Ωm0 =
ρm0

ρc0
≃ 0.27 ± 0.03

Ωb0 =
ρb0

ρc0
≃ 0.036 ± 0.004

Ωr0 =
ρr0

ρc0
≃ 2.49 × 10−5

The hot Big Bang
Physics where Physics is due

Notation: 

h =
H0

100 km s−1 Mpc−1

But this share was 
much larger in the past!  

☞ Question: show that 
radiation dominates the 

Universe at z ≳ 105
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• Density budget of the Universe: constraints in 2026

The hot Big Bang
Physics where Physics is due

CMB + DESI DR2: Ωk = (2.3 ± 1) × 10−3

2503.14738 Flat universe ( )K = 0

• There is “something else”: not matter, not curvature  Dark Energy!⇒
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The hot Big Bang
The cartoon picture

temperature

380.000 yrs

200 s

time

109 K

3000 K

14Gy 0 K
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• In the ~1940s and 50s, George Gamow and his student Ralph Alpher showed that matter in an 
expanding, cooling universe would go through a series of phase transitions. The key to these 
transitions are the binding energies:


‣ Nuclear binding energy (per nucleon):  MeV


‣ Atomic binding energy (per electron):  eV


• So, at very high energies (  MeV), nuclear matter would be all made up of protons and 
neutrons — no atomic nucleus (apart from a single ) would be able to survive!


• As the Universe cools down, it then becomes possible for neutrons to be captured into more 
massive nuclei, thus synthesizing the first atomic nuclei.


• However, some important details needed to be taken into account. First, note that free 
neutrons (  GeV) decai into protons (  GeV) with a half-life of about 
880 s, therefore if this process of nucleosynthesis took too long, there would be no neutrons 
left!


• Second, at equilibrium the number of protons and neutrons is regulated by the process:





Since there are many more photons than nucleons (by a factor of ~  !), it is relatively easy 
to maintain that equilibrium, even at relatively low energies.


• It turns out that there are neutrons around to keep nucleosynthesis going until the free energy 
available in the Universe is approximately 0.05 MeV — which takes place when the Universe is 
approximately 3 mins old. After that, nucleosynthesis is basically over and done.

∼

∼

E ≳
p

mn = 0.9396 mn = 0.9383

p + γ ↔ n + e+ + νe

1010

Big Bang Nucleosynthesis
Soup from the cosmic bowl

☞ Question: show that when the 
energy in the radiation was 

 MeV, the age of 
the Universe was approximately 

100s .

E = kBT = 0.05
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• The sequence of events can be summarized in the plots below:


• The absence of stable nuclei with atomic number A=5 and A=8 acts as a bottleneck, shutting off the 
production of heavier nuclei.

Big Bang Nucleosynthesis
Soup from the cosmic bowl

109 K =~ 
0.1 MeV

For more details see, e.g., the textbook by V. Mukhanov, “Physical Cosmology”,  or the review paper by G. Steigman, astro-ph/0712.1100

Another nice review is the one by Tytler et al. (2000), found in the link: http://ned.ipac.caltech.edu/level5/Tytler2/Tytler_contents.html
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Big Bang Nucleosynthesis
Relics from the past, today

⌘B =
nB

n�
, ⌘10 = 1010 ⌘B ' 274 ⌦B h2

SBBN – Predicted  Primordial  Abundances

Mostly  H  & 4He

7Li 7Be

BBN  Abundances  of D, 3He, 7Li
provide  good  baryometers  (ȘB)

⌦Bh
2 = 0.0221± 0.0003 ) ⌘10 = 274 ⌦Bh

2 = 6.05± 0.08
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The cosmic microwave background

• Let’s now travel back to the time when the mean temperature in the radiation field was still several 
thousands degrees, so the energy was eV .


• At such high energies, no atom can remain neutral: all nuclei are ionized, all electrons are moving freely. 
Baryonic matter is in a plasma state, and is therefore tightly coupled to the photons.


• This plasma + radiation fluid is maintained until  yrs after the BB. Therefore, the typical time scale 
associated with the expansion of the Universe at that time is ~  yrs — much, much greater than the 
typical time scales for the collisions between electrons, photons and nuclei.

E = kB T ≳

t ∼ 105

105

As far as the eye can see

4.×10-4 6.×10-4 8.×10-4 10-3
10-4

0.001

0.010

0.100

1

a

X
e

• Hence we should have thermodynamic equilibrium at that time, 
even as the Universe “adiabatically" expands and cools down.


• In fact, we can use these equilibrium arguments to make a 
simple calculation for the fraction of ionized (free) electrons 
( ), assuming that the only element is Hydrogen (a 
good approximation!). We then get that:


       


This is known as the Saha equation. Here,  is the number 
density of protons,  is the electron mass, and  is the binding 
energy for the H atom, 13.6 eV.

Xe = nfe /ne

X2
e

1 + Xe
=

1
nb ( me kBT

2πℏ2 )
3/2

e−B/kBT

nb
me B

kB = 8.62 × 10−5 eV K−1
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The cosmic microwave background

• Here is a much more accurate calculation of the ionized fraction of electrons:

As far as the eye can see

CMB Theory from Nucleosynthesis to Recombination 7

Saha

2-levelx
e
 i

o
n
iz

a
ti

o
n
 f

ra
c
ti

o
n

scale factor a

redshift z

10-4

10-3

10-2

10-1

1

10-3

103104 102

10-2

Fig. 5. Hydrogen recombination in Saha equilibrium vs. the calibrated 2-level calculation of RECFAST. The
features before hydrogen recombination are due to helium recombination.

we can rewrite Eqn. (19) as the Saha equation

nenp

nHnb
=

x2
e

1− xe
=

1
nb

(
meT

2π

)3/2

e−B/T . (21)

Recombination occurs at a temperature substantially lower than T = B again because of the low
baryon-photon ratio of the universe. We can see this by rewriting the Saha equation in terms of the
photon number density

x2
e

1− xe
= e−B/kT π1/2

25/2ηbγζ(3)

(
mec2

kT

)3/2

. (22)

Because ηbγ ∼ 10−9, the Saha equation implies that the medium only becomes substantially neutral
at a temperature of T ≈ 0.3eV or at a redshift of z∗ ∼ 103. At this point, there are not enough
photons in the even in the Wien tail above the binding energy to ionize hydrogen. We plot the Saha
solution in Fig. 5.

Near the epoch of recombination, the recombination rates become insufficient to maintain ionization
equilibrium. There is also a small contribution from helium recombination that must be added. The
current standard for following the non-equilibrium ionization history is RECFAST (Seager et al. 2000)
which employs the traditional two-level atom calculation of Peebles (1968) but alters the hydrogen
case B recombination rate αB to fit the results of a multilevel atom. More specifically, RECFAST
solves a coupled system of equations for the ionization fraction xi in singly ionized hydrogen and
helium (i = H, He)

dxi

d ln a
=

αBCinHp

H
[s(xmax − xi)− xixe] , (23)

where nHp = (1− Yp)nb is the total hydrogen plus proton number density accounting for the helium

Hu 2008

Interestingly, the energy below 

which the electrons “recombine" 

with protons is  eV, 


or approx. 3000 K!


☞ Question: provide a 

good argument for


 why this energy is so 

much below 13.6 eV

kBT ≃ 0.25
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The cosmic microwave background
Message from the edge of the Universe

T=2.726

T=2.725

T=2.724

T=2.725
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The cosmic microwave background

• The CMB tells us that the 
Universe was much simpler at 

, when  yrs.


• Radiation and matter were in 
thermodynamic equilibrium


• Temperature and density 
fluctuations were very small:





• The CMB is a picture of what 
the Universe looked like at that 
time: it gives us a sort of 
template for the initial 
conditions.

z ∼ 103 t ∼ 4. × 105

δT
T

∼
δρ
ρ

∼ 10−4 − 10−5

Message from the edge of the Universe
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• In particular, recent experiments such as Planck, ACT and 
others show that the initial density field (at  
, ) shows some remarkable features:


‣ The density and temperature fluctuations are tiny: 
 (“homogeneity")


‣ Not only that, but the pattern of the anisotropies of the 
CMB is exactly the same, no matter where in the sky 
we observe them (“horizon")


‣ That pattern is rather curious: a Gaussian random field 
with a nearly flat spectrum ("initial conditions”)


‣ Spatial curvature is negligible: even today it’s less 
than 1% — and it was vanishingly small at  
(“flatness")


• None of these features can be predicted or explained by 
the “old" hot Big Bang model: in that scenario they must be 
encoded in the initial state of the Universe.

t = 400,000 yrs
z ≃ 1100

δρ/ρ ∼ δT/T ∼ 10−5

tdec

and the problems of homogeneity, horizon & flatness

T = 2.728 K T = 2.730 K

Planck Collaboration: Cosmological parameters

Fig. 1. Planck foreground-subtracted temperature power spectrum (with foreground and other “nuisance” parameters fixed to their
best-fit values for the base ⇤CDM model). The power spectrum at low multipoles (` = 2–49, plotted on a logarithmic multi-
pole scale) is determined by the Commander algorithm applied to the Planck maps in the frequency range 30–353 GHz over
91% of the sky. This is used to construct a low-multipole temperature likelihood using a Blackwell-Rao estimator, as described
in Planck Collaboration XV (2013). The asymmetric error bars show 68% confidence limits and include the contribution from un-
certainties in foreground subtraction. At multipoles 50  `  2500 (plotted on a linear multipole scale) we show the best-fit CMB
spectrum computed from the CamSpec likelihood (see Planck Collaboration XV 2013) after removal of unresolved foreground com-
ponents. The light grey points show the power spectrum multipole-by-multipole. The blue points show averages in bands of width
�` ⇡ 31 together with 1� errors computed from the diagonal components of the band-averaged covariance matrix (which includes
contributions from beam and foreground uncertainties). The red line shows the temperature spectrum for the best-fit base ⇤CDM
cosmology. The lower panel shows the power spectrum residuals with respect to this theoretical model. The green lines show the
±1� errors on the individual power spectrum estimates at high multipoles computed from the CamSpec covariance matrix. Note the
change in vertical scale in the lower panel at ` = 50.

3

The cosmic microwave background
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• Let’s start with the issue of spatial curvature: 
why is it so small?


 

• Therefore, if the Universe is deccelerating 
( ), the importance of spatial curvature 
grows — fast, usually like a positive power law 
of the scale factor.


• However, if the Universe is accelerating 
( ), then spatial curvature is 
suppressed. So, if the Universe undergoes a 
prolonged or particularly strong period of 
accelerated expansion, then we can make 

.

d ln ΩK

d ln a
= 8πG

ρ + 3p
H2

∼ −
··a
a

1
H2

··a < 0

··a > 0

ΩK → 0

The hot Big Bang model
Spatial curvature and acceleration

open closed

fla
t



Cosmology: Ear ly Universe    ⌯     IDPASC 2026   ⌯     Raul  Abramo 

• For the homogeneity and horizon problems 
are closely connected. In order to tackle 
them, we should first address the issue of the 
light cone in a FLRW Universe.


• Let’s start with the simplest possible case: 
no expansion,  ( ) — i.e., a 
static Universe with the Minkowski metric.


• The radial null rays are then given by:


 

• This gives then the light cone (LC) in 
Minkowski spacetime.

a → 1 α = 0

χ2 − χ1 = ± ∫
t2

t1

dt
a(t)

= ± ∫
t2

t1

dt = ± (t2 − t1)

The hot Big Bang model
Light cones and causal structure of spacetime

χ

t

t1

t+
2

χ1 χ+
2χ−

2

t−
2
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• Now let’s assume an Universe dominated by normal 
matter (“dust”), i.e.,   — a deccelerating Universe


• Using  we get the LC:


 

           

• So, the LC becomes “warped” downwards — i.e., 
towards the past.


• Notice, however, that at the “center" the LC has a  
inclination, as it should! (Check this out by taking the limit 

.)

α = 2/3

a = (t/t0)2/3

χ2 − χ1 = ± ∫
t2

t1

dt
a(t)

= ± t0 ∫
t2

t1

dt
t0 ( t

t0 )
−2/3

= ± t0 3 ( t2
t0 )

1/3

− ( t1
t0 )

1/3

±45∘

t2 → t1

The hot Big Bang model

χ

t

t1

t+
2

χ1

t−
2

Light cones and causal structure of spacetime
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• Now let’s take a rather different expanding Universe, with a 
power-law that leads to accelerated expansion, .


• Using  we get the LC:


 

           

           

• The LC is again warped, but now upwards — towards the 
future.


• In the case  the power-law becomes an exponential, 
but qualitatively the LC is very similar to this figure.

α = 2

a = (t/t0)2

χ2 − χ1 = ± ∫
t2

t1

dt
a(t)

= ± t0 ∫
t2

t1

dt
t0 ( t

t0 )
−2

= ± t0 (−1) ( t2
t0 )

−1

− ( t1
t0 )

−1

= ± t0 [ t0
t1

−
t0
t2 ]

α → ∞

The hot Big Bang model

χ

t

t1

t+
2

χ1

t−
2

Light cones and causal structure of spacetime
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• Hence, for the general case  we have:


        ,    where decceleration corresponds to  , while acceleration is  .  

• If we continue the LC to the past and to the future, we have the two qualitative pictures below:

a = (t /t0)α

χ2 − χ1 = ± t0
1

1 − α ( t2
t0 )

1−α

− ( t1
t0 )

1−α

α < 1 α > 1

The hot Big Bang model

x

t

t = 0

past LC

t0

future LC

accelerating

x

t

t = 0

past LC

t0

future LC

deccelerating

Big Bang

Our past, in the usual 

hot Big Bang scenario

Our future, as dark energy

dominates more and more

Light cones and causal structure of spacetime
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The hot Big Bang model

• There is a remarkable pattern to these horizons:

The light cone and cosmological horizons

x

t t

Deccelerating Universe:
particle horizon 
time-like horizon

(past LC is limited)

P

F

P

F

Accelerating Universe:
event horizon 

time-like horizon
(future LC is limited)

x
t

Schwarzschild:
event horizon

space-like horizon
(future LC is limited)

P
F

P

F

P
F

x

black hole 
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• With the decceleration scenario in mind (i.e., the traditional hot 
Big Bang), let’s revisit the homogeneity problem.


• When we observe light from the CMB that arrives from two 
opposite directions, we get a picture from two regions that, 
before that, were never in any kind of causal contact.


• In fact, the past LCs of those two regions were separated by a 
huge spatial distance. Let’s take a look at all the involved 
distances.


• If we assume that the Universe was matter-dominated for most 
of its history, we obtain that the radius from us (here, now, 

) to the surface of last scattering of the CMB 
( ) is:


         

• The maximal distance that light traveled to/from any observer 
at  since the Big Bang ( ), the particle horizon at , is:


         

• Finally, the maximal distance that light traveled to/from us, 
here & now, since the BB, is very nearly the same as the one 
we computed above for the last scattering surface, i.e., the 
particle horizon today, is:


        

t0 = 13.8 Gyr
tdec

χnow−dec = t0 3 ( t0
t0 )

1/3

− ( tdec

t0 )
1/3

≃ 3t0

tdec t = 0 tdec

χdec−BB = tdec 3 ( tdec

tdec )
1/3

− ( 0
tdec )

1/3

= 3tdec

χnow−BB = ≃ 3t0

The hot Big Bang model
The light cone and cosmological horizons

t0

0

tdec
χnow−dec

χdec−BB χnow−BB



Cosmology: Ear ly Universe    ⌯     IDPASC 2026   ⌯     Raul  Abramo 

• The previous calculation shows that the entire past 
of the region we observe on the “left" in the CMB 
was never even remotely in causal contact with 
the region we observe on the "right".


• In fact, the number of causally disconnected 
regions with radius


  

between the points on the left and on the right 
is approximately: 

 

• This sums up nicely the homogeneity problem: how 
could all those regions, which in the hot Big Bang 
scenario were completely independent, all have 
almost exactly the same properties — density, 
temperature, relative amounts of baryons, radiation, 
DM — as well as the same pattern of small 
fluctuations?


• Any solution to this problem must address the 
issue of causality and the past LC.

χdec−BB = 3tdec

χnow−BB

χdec−BB
≃

t0
tdec

≃
13.8 × 109 yr

4. × 105 yr
= 3.45 × 104

The hot Big Bang model
The light cone and cosmological horizons

t0

0

tdec
χnow−dec

χdec−BB χnow−BB



Cosmology: Ear ly Universe    ⌯     IDPASC 2026   ⌯     Raul  Abramo 

The hot Big Bang model
• Now remember what happens when in an accelerating Universe: the past LC is blown up, and a sufficiently long period 

of acceleration can dramatically increase the reach of the causal connection between regions that may seem far apart 
today. 


• In fact, between 1978 and 1982 Alexei Starobinski, Alan Guth, Viatcheslav Mukhanov, Andrei Linde and others found that 
an early period of accelerated expansion (inflation) could explain many of these problems of the hot Big Bang scenario:

‣ The curvature problem

‣ The homogeneity problem

‣ The problem of the origin of the density/temperature fluctuations (initial conditions)

The light cone and cosmological horizons

x

t

t = 0

past LC

t0

future LC

accelerating

x

t

t = 0

past LC

t0
future LC

deccelerating



Cosmology: Ear ly Universe    ⌯     IDPASC 2026   ⌯     Raul  Abramo 

Inflation
• The basic idea of inflation is very simple — and 

most models are in fact extremely simple and 
robust.


• Suppose that in the very, very early Universe, the 
some form of matter/energy led to an accelerated 
expansion. In that case, the past LC would have 
behaved in the form shown in the Figure.


• With this early (but rather short) burst of accelerated 
expansion (inflation), the past LC expands 
dramatically. We can think of this as being the result 
of the fact that, with accelerated expansion, the 
speed of the expansion in the beginning is much 
slower than if we had deccelerated expansion.


• Another way to think about this is to consider the 
size of a small, causally connected region in those 
early instants: inflation quickly blows up that region, 
which then becomes extremely large.


• With inflation lasting sufficiently long, we can easily 
solve the homogeneity problem.

Once upon a time, before the Big Bang…
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Inflation

• Another effect of inflation is that it suppresses 
spatial curvature.


• Since the energy density during inflation 
decays very slowly, the accelerated expansion 
means that the density-like term  of the 
Friedmann equation decays (almost 
exponentially).


• At the end of the inflationary era the 
contribution of curvature has decayed so 
much (sometimes by a fator  ) that 
spatial curvature is completely negligible — 
and it remains irrelevant until now, and almost 
certainly well into the future.

K /a2

> e70

Once upon a time, before the Big Bang…
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Inflation
• Ok, but we have not explained how inflation is able to produce 

those initial density fluctuations.


• In fact, with very powerful yet simple arguments, in the ~1970s 
Harrison and Zel’dovich argued that the initial spectrum of 
density fluctuations should be very nearly scale invariant.


• First, let’s remember that the spectrum gives us the amplitudes 
of the Fourier modes:


 

 

• When we put a lot of power in the low-frequency modes, the 
modulations of the function happen mostly at long time scales.


• When we put most of the power on high-frequency modes, the 
modulations of the function are mostly on small time scales.

f(t) → f̃(ω) = ∫ dt eiωt f(t) → f(t) = ∫
dω
2π

e−iωt f̃(t)

Pf (ω) = | f̃(ω) |2

The ultimate free lunch
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Inflation

• Harrison and Zel’dovich argued that the continuum of modes of 
the density fluctuations must reach all possible scales, from the 
smallest,  ( ) , to the largest,   ( ) 


• They argued that the spectrum should not be too “red" (too 
much power on large scales/low frequencies), otherwise the 
Universe would be inhomogeneous on largest scales.


• But the reverse could not be true either: too much power on 
small scales would make the Universe “brittle”, and could lead to 
runaway production of primordial black holes in the early 
Universe.


• The only way out is for the initial spectrum of density fluctuations 
to have a nearly “scale-invariant” spectrum, with neither too 
much power on large scales, nor on small scales.


• And, as it turns out, inflation is able to produce exactly that: a 
nearly scale-invariant spectrum of Gaussian random 
fluctuations — just what we need to explain the pattern seen in 
the CMB.

λ → 0 k → ∞ λ → ∞ k → 0

The ultimate free lunch

Disaster! Disaster!

Spectrum

k
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Inflation

• The main ingredient that we 
need to add to the rapid 
accelerated expansion 
during inflation is… 
quantum mechanics (i.e., 
Quantum Field Theory)!

The ultimate free lunch

Quantum Mechanics: 

 

Vacuum is filled with virtual pairs  
of particles, which appear for 
brief moments until they are 
annihilated back to vacuum

ΔE Δt >
1
2

ℏ
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Inflation
• Consider this process in a familiar setting, without considering any expansion. These particles 

are appearing and disappearing all the time — and even if they live precarious, brief existences, 
their effect is critical to explain all the experiments at, e.g., the LHC, and the Standard Model.

The ultimate free lunch

  ΔE Δt >
1
2

ℏ

  ΔE Δt >
1
2

ℏ
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Inflation
• But consider now what 

happens if the Universe is 
expanding in an 
accelerated way — with a 
future-like horizon that limits 
the size of the future light 
cone.


• The accelerated expansion 
converts virtual pairs into 
real pairs, in a process 
similar to Hawking radiation.


• This process generates 
density perturbations as 
well as gravitational waves, 
with precisely the features 
that we need to explain the 
patterns in the CMB!

The ultimate free lunch
Horizon ~ H-1

accelerated expansion  
separate the pairs
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Inflation

• Observations are fully consistent with the idea of inflation, even if until now the data is 
not powerful enough to prove that inflation really did happen

Παν μέτρον άριστον

Planck Collaboration: The Planck mission

Table 9. Cosmological parameter values for the Planck-only best-fit 6-parameter ⇤CDM model (Planck temperature data plus lensing) and for
the Planck best-fit cosmology including external data sets (Planck temperature data, lensing, WMAP polarization [WP] at low multipoles, high-`
experiments, and BAO, labelled [Planck+WP+highL+BAO] in Planck Collaboration XVI (2013)). Definitions and units for all parameters can be
found in Planck Collaboration XVI (2013).

Planck (CMB+lensing) Planck+WP+highL+BAO

Parameter Best fit 68 % limits Best fit 68 % limits

⌦bh2 . . . . . . . . . . 0.022242 0.02217 ± 0.00033 0.022161 0.02214 ± 0.00024

⌦ch2 . . . . . . . . . . 0.11805 0.1186 ± 0.0031 0.11889 0.1187 ± 0.0017

100✓MC . . . . . . . . 1.04150 1.04141 ± 0.00067 1.04148 1.04147 ± 0.00056

⌧ . . . . . . . . . . . . 0.0949 0.089 ± 0.032 0.0952 0.092 ± 0.013
ns . . . . . . . . . . . 0.9675 0.9635 ± 0.0094 0.9611 0.9608 ± 0.0054

ln(1010As) . . . . . . . 3.098 3.085 ± 0.057 3.0973 3.091 ± 0.025

⌦⇤ . . . . . . . . . . . 0.6964 0.693 ± 0.019 0.6914 0.692 ± 0.010

�8 . . . . . . . . . . . 0.8285 0.823 ± 0.018 0.8288 0.826 ± 0.012

zre . . . . . . . . . . . 11.45 10.8+3.1
�2.5 11.52 11.3 ± 1.1

H0 . . . . . . . . . . . 68.14 67.9 ± 1.5 67.77 67.80 ± 0.77

Age/Gyr . . . . . . . 13.784 13.796 ± 0.058 13.7965 13.798 ± 0.037

100✓⇤ . . . . . . . . . 1.04164 1.04156 ± 0.00066 1.04163 1.04162 ± 0.00056

rdrag . . . . . . . . . . 147.74 147.70 ± 0.63 147.611 147.68 ± 0.45

rdrag/DV(0.57) . . . . 0.07207 0.0719 ± 0.0011

for “running” of the spectral index. The spectrum does, however,
deviate significantly (6�) from scale invariance, as predicted by
most models of inflation (see below). The unique contribution
of Planck, compared to previous experiments, is that the depar-
ture from scale invariance is robust to changes in the underlying
theoretical model.

We find no evidence for extra relativistic species, beyond the
three species of (almost) massless neutrinos and photons. The
main e↵ect of massive neutrinos is a suppression of clustering on
scales larger than the horizon size at the non-relativisitic transi-
tion. This a↵ects both C��L with a damping for L > 10, and CTT

`
reducing the lensing induced smoothing of the acoustic peaks.
Using Planck data in combination with polarization measured
by WMAP and high-` anisotropies from ACT and SPT allows
for a constraint of

P
m⌫ < 0.66 eV (95 % CL) based on the

[Planck+WP+highL] model. Curiously, this constraint is weak-
ened by the addition of the lensing likelihood

P
m⌫ < 0.85 eV

(95 % CL), reflecting mild tensions between the measured lens-
ing and temperature power spectra, with the former preferring
larger neutrino masses than the latter. Possible origins of this
tension are explored further in Planck Collaboration XVI (2013)
and are thought to involve both the C��L measurements and fea-
tures in the measured CTT

` on large scales (` < 40) and small
scales ` > 2000 that are not fit well by the ⇤CDM+foreground
model. The signal-to-noise on the lensing measurement will im-
prove with the full mission data, including polarization, and it
will be interesting to see how this story develops.

The combination of large lever arm, sensitivity to isocurva-
ture fluctuations and non-Gaussianity makes Planck particularly
powerful at probing inflation. Constraints on inflationary mod-
els are presented in Planck Collaboration XXII (2013) and over-
whelmingly favor a single, weakly coupled, neutral scalar field
driving the accelerated expansion and generating curvature per-
turbations. The models that fit best have a canonical kinetic term
and a field slowly rolling down a featureless potential.
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Fig. 26. Marginalized 68 % and 95 % confidence levels for ns and r from
Planck+WP and BAO data, compared to the theoretical predictions of
selected inflationary models.

Of the models considered, those with locally concave poten-
tials are favored and occupy most of the region in the ns,r plane
allowed at 95 % confidence level (see Fig. 23). Power law in-
flation, hybrid models driven by a quadratic term and monomial
large field potentials with a power larger than two lie outside the
95 % confidence contours. The quadratic large field model, in
the past often cited as the simplest inflationary model, is now at
the boundary of the 95 % confidence contours of Planck + WP
+ CMB high ` data.

The axion and curvaton scenarios, in which the CDM isocur-
vature mode is uncorrelated or fully correlated with the adiabatic
mode, respectively, are not favored by Planck, which constrains
the contribution of the isocurvature mode to the primordial spec-
tra at k = 0.05Mpc�1 to be less than 3.9 % and 0.25 % (at 95 %
CL), respectively.

The Planck results come close to the tightest upper limit on
the tensor-to-scalar amplitude possible from temperature data
alone. The precise determination of the higher acoustic peaks
breaks degeneracies that have weakened earlier measurements.

36

Planck 2018

Planck Collaboration: Cosmological parameters

Fig. 1. Planck foreground-subtracted temperature power spectrum (with foreground and other “nuisance” parameters fixed to their
best-fit values for the base ⇤CDM model). The power spectrum at low multipoles (` = 2–49, plotted on a logarithmic multi-
pole scale) is determined by the Commander algorithm applied to the Planck maps in the frequency range 30–353 GHz over
91% of the sky. This is used to construct a low-multipole temperature likelihood using a Blackwell-Rao estimator, as described
in Planck Collaboration XV (2013). The asymmetric error bars show 68% confidence limits and include the contribution from un-
certainties in foreground subtraction. At multipoles 50  `  2500 (plotted on a linear multipole scale) we show the best-fit CMB
spectrum computed from the CamSpec likelihood (see Planck Collaboration XV 2013) after removal of unresolved foreground com-
ponents. The light grey points show the power spectrum multipole-by-multipole. The blue points show averages in bands of width
�` ⇡ 31 together with 1� errors computed from the diagonal components of the band-averaged covariance matrix (which includes
contributions from beam and foreground uncertainties). The red line shows the temperature spectrum for the best-fit base ⇤CDM
cosmology. The lower panel shows the power spectrum residuals with respect to this theoretical model. The green lines show the
±1� errors on the individual power spectrum estimates at high multipoles computed from the CamSpec covariance matrix. Note the
change in vertical scale in the lower panel at ` = 50.
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Inflation
• But is inflation the only way to get the Universe 

started on the right track?


• Perhaps not: some cosmologists (Paul Steinhardt, 
Neil Turok, Patrick Peter and others) have proposed a 
scenario where the Universe first contracts, then 
expands — a bounce.


• In some versions, the Universe goes through cyclic 
phases of contraction and expansion, with a 
“bottleneck" in between (“ekpyrosis”).


• However, these models are often contrived and 
unnatural: the transition from contraction to 
expansion is extremely delicate, and tiny deviations 
can lead to singularities.


• As of today, the most widely and most robust 
explanation for the initial conditions of our Universe 
is still the idea that inflation somehow replaced the 
Big Bang as the “real" beginning of our story.

or not?
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Inflation
• Inflation gives us a template for the initial conditions.


• The next step is to figure out: given these initial conditions and the physical laws as we know them, do we 
arrive at the Universe we know today, with stars, galaxies, galaxy clusters, black holes, supernovas…?

Where our story really starts


