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Lecture I:

Oscillations & Mass Ordering 

“Anyway, in as far as the neutrino masses are negligible  compared 
to the charged lepton masses, the observable  effects  of  leptonic 
mixing angles are limited to fairly  exotic effect such as neutrino 
oscillations.’’ 
                                                                                                 Froggatt & Nielsen



Detecting the First Neutrino

C.L. Cowan Jr, et al. Science 124, 103 (1956) 
F. Reines and C.L. Cowan Jr, Nature 178, 446 (1956)
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The electron neutrino

70 years ago !



Neutrinos have a Ubiquitous Presence
Span many orders of  magnitude in energy and x-section
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Helicity of Neutrinos
Is the neutrino left- or right-handed?
1958: Experiment by M. Goldhaber, L. Grodzins and A.W. Sunyar

p

free spin 1/2 particle

σ ⋅ p̂ parallel

right-handed = positive helicity (h=+1) anti-parallel

left-handed = negative helicity (h=-1)

p

particle momentum

particle momentumOR
σ ⋅ p̂



Helicity of Neutrinos
The neutrino is left-handed

152Eu + e− →152 Sm* + ν
152Sm* →152 Sm + γ

J(152Eu) = J(152Sm) = 0 L(e−) = 0

Sz(e−) = Sz(ν) + Sz(γ)angular momentum conservation Sz(ν) = −
1
2

Sz(γ)

⃗p(152Eu) ≃ p⃗(152Sm(*)) ≃ 0momentum conservation

⃗pν = − ⃗pγ

⃗Sν ⋅ ⃗pν =
1
2

⃗Sγ ⋅ ⃗pγ helicity of   = 1/2 helicity of   ν γ
leads to a V-A current



Helicity and Chirality
Neutrino & Antineutrinos

Dirac Equation  

particle 

antiparticle

Chirality Helicity

L = negative chirality
h = -1 

h = +1 

Amplitude

h = -1 

h = +1 

if  massless only need

negative chirality field

neutrinos have negative helicity antineutrinos have positive helicity



The Neutrino Paved The Way  
The best description we have of  fundamental particles and interactions

Based on: 

Lorentz Invariance 

Gauge Invariance

SU(3)c × SU(2)L × U(1)Y

SU(2)L × U(1)Y → U(1)em

With: 

spontaneous symmetry breaking

[see Oscar Eboli]



Neutrinos in the Standard Model

SU(3)c × SU(2)L × U(1)Y → SU(3)c × U(1)em

SM is based on the gauge symmetry group

Qem = Y + I3L

I1L, I2L, I3L [IiL, IjL] = iϵijIkL generators of     (weak isospin)  SU(2)L

Y generator of     (hypercharge)  U(1)Y

Left chiral fermion fields transform as weak isospin doublets 

(1, 2, − 1/2)
Qem(νe) = 0 I3L = 1/2

Qem(e) = − 1 I3L = − 1/2

Symmetry Transformations



Neutrinos in the Standard Model

generators of     (weak isospin)  SU(2)L

Y generator of     (hypercharge)  U(1)Y

Right chiral fermion fields transform as weak isospin singlets 

(1, 1, − 1)Qem(e) = − 1 I3L = 0eR
neutrino fields enter only in SU(2)L doublets νeR

I1L, I2L, I3L [IiL, IjL] = iϵijkIkL

Qem = Y + I3L

Symmetry Transformations

SU(3)c × SU(2)L × U(1)Y → SU(3) × U(1)em

SM is based on the gauge symmetry group



Neutrinos in the Standard Model
3 generations of  fermions 

(1, 1, − 1)eR

(1, 2, − 1/2)

μR τR

(νeL
eL ) (νμL

μL ) (ντL
τL )

L
E

P
T

O
N

S

= Lα

= Eα



Neutrinos in the Standard Model
3 generations of  fermions 

(1, 1, − 1)eR

(1, 2, − 1/2)

μR τR

(ui
L

di
L) (3, 2, 1/6)(ci

L

si
L) ( ti

L

bi
L)

(νeL
eL ) (νμL

μL ) (ντL
τL )

ui
R ci

R ti
R

di
R si

R bi
R

(3, 1, 2/3)

(3, 1, − 1/3)

L
E

P
T

O
N

S
Q

U
A

R
K

S

= Lα

= Qi
α

= Eα

= Ui
α

= Di
α



Fermion Masses

m ψψ = m ψ(PL + PR)ψ = m ψRψL + h . c . chirality flipping term (needs both L & R)

This is not gauge invariant!

Masses & Mixing in the SM



Fermion Masses

m ψψ = m ψ(PL + PR)ψ = m ψRψL + h . c . chirality flipping term (needs both L & R)

This is not gauge invariant!

Fortunately the  can also fix this via  Yukawa couplings to fermionsϕ

  −ℒY = Yℓ
αβ LαEβ ϕ + Yd

αβ QαDβ ϕ + Yu
αβ QαUβ ϕ̃ + h . c . This is gauge invariant !

Masses & Mixing in the SM



Fermion Masses

m ψψ = m ψ(PL + PR)ψ = m ψRψL + h . c . chirality flipping term (needs both L & R)

This is not gauge invariant!

Fortunately the  can also fix this via Yukawa couplings to fermions  ϕ

  −ℒY = Yℓ
αβ LαEβ ϕ + Yd

αβ QαDβ ϕ + Yu
αβ QαUβ ϕ̃ + h . c .

ϕ = (ϕ+

ϕ0 ) 1

2 ( 0
v + H)

EWSB

This is gauge invariant !

ϕ̃ = iσ2ϕ*

Masses & Mixing in the SM



Masses & Mixing in the SM
Biunitary Transformation 

( ∘ ∘ ∘ )L ( ∘ ∘ ∘
∘ ∘ ∘
∘ ∘ ∘ ) ( ∘

∘
∘ )

R

Yukawa Matrix (complex) down quarksdown quarks

Vd†
L Vd

L Vd†
R Vd

R

diagonal mass matrix
rotated 

R fields

rotated 

L fields

and similar to up quarks



Fermion Masses

m ψψ = m ψ(PL + PR)ψ = m ψRψL + h . c . chirality flipping term (needs both L & R)

This is not gauge invariant!

Fortunately the  can also fix this via Yukawa couplings to fermions  ϕ

  −ℒY = Yℓ
αβ LαEβ ϕ + Yd

αβ QαDβ ϕ + Yu
αβ QαUβ ϕ̃ + h . c .

ϕ = (ϕ+

ϕ0 ) 1

2 ( 0
v + H)

EWSB

This is gauge invariant !

ϕ̃ = iσ2ϕ* mu uLuR + md dLdR + mc cLcR + . . . + h . c .

mUα =
v

2
yU

αα mDα
=

v

2
yD

αα

 after diagonalization of   Yu,d

VCKM = Vu†
L Vd

L will impact CC interactionsQUARK MASSES

Masses & Mixing in the SM



m ψψ = m ψ(PL + PR)ψ = m ψRψL + h . c . chirality flipping term (needs both L & R)

This is not gauge invariant!

Fortunately the  can also fix this via  Yukawa couplings to fermions   ϕ

  −ℒY = Yℓ
αβ LαEβ ϕ + Yd

αβ QαDβ ϕ + Yu
αβ QαUβ ϕ̃ + h . c .

ϕ = (ϕ+

ϕ0 ) 1

2 ( 0
v + H)

EWSB
me eLeR + mμ μLμR + mτ τLτR + h . c .

mα =
v

2
yℓ

αα
ϕ̃ = iσ2ϕ*

 after diagonalization of   Yℓ

 Neutrinos do not have mass (no R component)

CHARGED LEPTON MASSES

Masses & Mixing in the SM
Biunitary Transformation 



Neutrinos in the Standard Model
Neutrino Interactions with Gauge Bosons

Charged Current Interaction (CC)

ç

ç e
W

γμ(I − γ5)νe

allows the concept of  neutrino flavor  = flavor of  the charged lepton connected to the same CC vertex

Flavor diagonal in the  

interaction basis



Neutrinos in the Standard Model
Neutrino Interactions with Gauge Bosons

Charged Current Interaction (CC)

ç

ç e
W

γμ(I − γ5)νe

Total Lepton Number

particles (antiparticles)

-1 (+1) 0 0

0 -1 (+1) 0

0 0 -1 (+1)

3 accidental global U(1)L𝛂 symmetries of the SM

Flavor diagonal in the  

interaction basis

define neutrino (antineutrino)  according to the convention above (conserve Family Lepton Number) 

Eα → eiθαEαLα → eiθαLα



Many Experimental Evidences
Neutrinos Change Flavor in Nature

/• Solar transitioning to (Cl, Ga, SK, SNO, Borexino)⌫⌧⌫µ⌫e

⌫µ• Atmospheric & ⌫̄µ disappearing mostly to ⌫⌧ (SK, DeepCore, ORCA)

• Accelerator disappearing (K2K, T2K, MINOS, NO𝝂A)⌫µ & ⌫̄µ

• Accelerator reappearing as (T2K, MINOS, NO𝝂A)⌫µ ⌫e
<latexit sha1_base64="B75sYK7DL4Sgp/gEzV0ezUqKgkU=">AAAB8HicdVDLSsNAFJ3UV62vqks3g0VwFZK0arsrunFZwT6kCWUynbRDZyZhZiKU0K9w40IRt36OO//GaRtBRQ9cOJxzL/feEyaMKu04H1ZhZXVtfaO4Wdra3tndK+8fdFScSkzaOGax7IVIEUYFaWuqGeklkiAeMtINJ1dzv3tPpKKxuNXThAQcjQSNKEbaSHd+iKQv0gEZlCuO3ajXqm4NOrazwJx41TOvAd1cqYAcrUH53R/GOOVEaMyQUn3XSXSQIakpZmRW8lNFEoQnaET6hgrEiQqyxcEzeGKUIYxiaUpouFC/T2SIKzXloenkSI/Vb28u/uX1Ux3Vg4yKJNVE4OWiKGVQx3D+PRxSSbBmU0MQltTcCvEYSYS1yahkQvj6FP5POp7tntveTa3SvMzjKIIjcAxOgQsuQBNcgxZoAww4eABP4NmS1qP1Yr0uWwtWPnMIfsB6+wQdapCh</latexit>

⌫̄e
<latexit sha1_base64="l68LlYuMTIT2Fm8q6zbdqBOoaJ0=">AAAB8nicdVDLSgMxFM34rPVVdekmWARXJSnSx67oxmUF+4DOUDJppg3NZIY8hDL0M9y4UMStX+POvzHTVlDRAxcO59zLvfeEqeDaIPThra1vbG5tF3aKu3v7B4elo+OuTqyirEMTkah+SDQTXLKO4UawfqoYiUPBeuH0Ovd790xpnsg7M0tZEJOx5BGnxDhp4IdE+dIO/dgOS2VUQQhhjGFOcL2GHGk2G1XcgDi3HMpghfaw9O6PEmpjJg0VROsBRqkJMqIMp4LNi77VLCV0SsZs4KgkMdNBtjh5Ds+dMoJRolxJAxfq94mMxFrP4tB1xsRM9G8vF//yBtZEjSDjMrWGSbpcFFkBTQLz/+GIK0aNmDlCqOLuVkgnRBFqXEpFF8LXp/B/0q1WcK1Svb0st65WcRTAKTgDFwCDOmiBG9AGHUBBAh7AE3j2jPfovXivy9Y1bzVzAn7Ae/sEvBuRkg==</latexit>

⌫̄µ/ /

• Reactor disappearing (KamLAND, DC, Daya Bay, RENO, SNO+, JUNO)
<latexit sha1_base64="B75sYK7DL4Sgp/gEzV0ezUqKgkU=">AAAB8HicdVDLSsNAFJ3UV62vqks3g0VwFZK0arsrunFZwT6kCWUynbRDZyZhZiKU0K9w40IRt36OO//GaRtBRQ9cOJxzL/feEyaMKu04H1ZhZXVtfaO4Wdra3tndK+8fdFScSkzaOGax7IVIEUYFaWuqGeklkiAeMtINJ1dzv3tPpKKxuNXThAQcjQSNKEbaSHd+iKQv0gEZlCuO3ajXqm4NOrazwJx41TOvAd1cqYAcrUH53R/GOOVEaMyQUn3XSXSQIakpZmRW8lNFEoQnaET6hgrEiQqyxcEzeGKUIYxiaUpouFC/T2SIKzXloenkSI/Vb28u/uX1Ux3Vg4yKJNVE4OWiKGVQx3D+PRxSSbBmU0MQltTcCvEYSYS1yahkQvj6FP5POp7tntveTa3SvMzjKIIjcAxOgQsuQBNcgxZoAww4eABP4NmS1qP1Yr0uWwtWPnMIfsB6+wQdapCh</latexit>

⌫̄e



This is Evidence of Neutrino Mass
Neutrino Change Flavor in Nature

να

α

νβ

β

source detector
what happens here?

baseline 

 is violatedLα

We need go Beyond the SM



Neutrinos in the Standard Model
Neutrino Interactions with Gauge Bosons

Charged Current Interaction (CC)

ç

ç e
W

γμ(I − γ5)νe

Total Lepton Number

particles (antiparticles)

-1 (+1) 0 0

0 -1 (+1) 0

0 0 -1 (+1)

3 accidental global U(1)L𝛂 symmetries of the SM

Flavor diagonal in the  

interaction basis

If  neutrino = antineutrino (Majorana) : L also should be violated

Eα → eiθαEαLα → eiθαLα

Family Lepton Number  is violated by Oscillations - but total Lepton Number is conserved



Neutrinos in the Mass Basis
Neutrino Interactions with Gauge Bosons

Charged Current Interaction (CC)

ç

ç e
W

γμ(I − γ5)Uie

ç

ç

Flips up 

d

νi

u γμ(I − γ5)Vud

W

down components of  the L doublets

Via PMNS mixing matrix (massive neutrinos!)

Via CKM mixing matrix

Flips up down components of  the L doublets

mass basis   interaction basis≠

mass basis   interaction basis≠

in the mass basis



Neutrinos in the Standard Model
Neutrino Interactions with Gauge Bosons

W

\

Neutral Current (NC)

ç

ç
νανα γμ(I − γ5)

ç

çfα fα
γμ(gLPL + gRPR)

gL = I3L − Q sin2 θW
gR = − Q sin2 θW

Couples only to L component Couples only to both L & R components

No flavor changing neutral currents
only neutrinos/antineutrinos of  left chirality 
participate of  CC or NC interactions 
This will not change with mass!



Neutrino Flavor Oscillations
How they are induced by mass and mixing

(1)  if  neutrinos have mass 

CC Interactions are not diagonal in the mass basis (as for quarks!)

mixing matrix element 

mass eigenstate

6=
interaction states propagating states
flavor eigenstates

|νe⟩, |νμ⟩, |ντ⟩ |ν1⟩, |ν2⟩, |ν3⟩



If  neutrinos have mass   

a flavor eigenstate is a superposition of  mass eigenstates

unitary mixing matrix elements

Neutrino Flavor Oscillations
How they are induced by mass and mixing

mass eigenstate

6=
interaction states propagating states
flavor eigenstates

|νe⟩, |νμ⟩, |ντ⟩ |ν1⟩, |ν2⟩, |ν3⟩



π+

Creation of  a left-handed (h = -1)  
muon neutrino

W

e−

νμ

μ+

νe
W

Detection of  a left-handed (h = -1)  
electron neutrino

[ [𝒜μe =

Neutrino Flavor Oscillations
How they are induced by mass and mixing



π+[ [𝒜μe =

π+

W

e−

νi

μ+

νi
W[ [=

3

∑
i=1 U*μi

Uei

𝒜ii

π+

Creation of  a left-handed (h = -1)  
muon neutrino

W

e−

νμ

μ+

νe
W

Detection of  a left-handed (h = -1)  
electron neutrino

Neutrino Flavor Oscillations
How they are induced by mass and mixing



π−

Creation of  a right-handed (h = +1)  
muon antineutrino

W

e−

ν̄μ

μ−

ν̄e
W

Detection of  a right-handed (h = +1)  
electron antineutrino

[ [𝒜μ̄ē =

π−

W

e−

ν̄i

μ−

ν̄i
W[ [=

3

∑
i=1 Uμi U*ei

𝒜ī ī

Neutrino Flavor Oscillations
How they are induced by mass and mixing



Neutrino Flavor Oscillations
How they are induced by mass and mixing

(2)  Neutrinos are ultra relativistic 

for neutrinos  
p ≫ m → E = p2 + m2 ≃ p +

m2

2p

 So  and    with masses  and    in the same beam ( ) experience an 
energy difference 

νi νj mi mj pi = pj

ΔE = Ei − Ej =
m2

i − m2
j

2p
≃

m2
i − m2

j

2E

because neutrinos have very small masses 

this is a very small number 



as we will see the oscillations depend on the combination

m2
i − m2

j

2E
L =

Δm2
ij

2E
L

  = baseline (distance of  propagation between production and detection)L
this combination can be sizable @ large baselines  

Neutrino Flavor Oscillations
How they are induced by mass and mixing



as we will see the oscillations depend on the combination

m2
i − m2

j

2E
L =

Δm2
ij

2E
L

  = baseline (distance of  propagation between production and detection)L
this combination can be sizable @ large baselines  

The observation of  oscillations will depend on the Energy of  the neutrinos (source)             
and on the baseline (detector position) 

If  we know   we can calculate the appropriate baseline for  neutrino sources to 
observe oscillation 

Δm2
ij ≠

Neutrino Flavor Oscillations
How they are induced by mass and mixing



Neutrino Flavor Oscillations in Vacuum
Basic Concepts

@ t=0 neutrino flavor eigenstates are produced as a superposition of   mass eigenstates

|να(t = 0)⟩ =
3

∑
j=1

U*αj |νj(t = 0)⟩ α = e, μ or τ



@ t=0 neutrino flavor eigenstates are produced as a superposition of   mass eigenstates

@ t (after propagating a distance ) they have evolved to L

|να(t = 0)⟩ =
3

∑
j=1

U*αj |νj(t = 0)⟩ α = e, μ or τ

|να(t)⟩ =
3

∑
j=1

U*αj |νj(t)⟩

Neutrino Flavor Oscillations in Vacuum
Basic Concepts



@ t=0 neutrino flavor eigenstates are produced as a superposition of   mass eigenstates

@ t (after propagating a distance ) they have evolved to L

|να(t = 0)⟩ =
3

∑
j=1

U*αj |νj(t = 0)⟩ α = e, μ or τ

|να(t)⟩ =
3

∑
j=1

U*αj |νj(t)⟩

The transition amplitude to a different flavor   is νβ

𝒜αβ = ⟨νβ |να(t)⟩
Probability of  the transition 

Pαβ(t) = |𝒜αβ |2 = |⟨νβ |να(t)⟩ |2

Neutrino Flavor Oscillations in Vacuum
Basic Concepts



@ t=0 neutrino flavor eigenstates are produced as a superposition of   mass eigenstates

@ t (after propagating a distance ) they have evolved to L

|να(0)⟩ =
3

∑
j=1

U*αj |νj(0)⟩ α = e, μ or τ

|να(t)⟩ =
3

∑
j=1

U*αj |νj(t)⟩
Probability of  the transition 

Pαβ(t) = ∑
i

∑
j

UβiU*αj⟨νi(0) |νj(t)⟩

2

Neutrino Flavor Oscillations in Vacuum
Basic Concepts



Under  the plane wave approximation

 is the energy of  the free 
streaming neutrino
Ej|νj(t)⟩ = e−iH t |νj(0)⟩ = e−iEj t |νj(0)⟩

⟨νi(0) |νj(0)⟩ = δij
𝒜αβ(t) = ∑

i
∑

j

UβiU*αj e−iEj t⟨νi(0) |νj(0)⟩ = ∑
i

UβjU*αj e−iEj t
as

Neutrino Flavor Oscillations in Vacuum
Basic Concepts



Under  the plane wave approximation

|νj(t)⟩ = e−iH t |νj(0)⟩ = e−iEj t |νj(0)⟩

⟨νi(0) |νj(0)⟩ = δij
𝒜αβ(t) = ∑

i
∑

j

UβiU*αj e−iEj t⟨νi(0) |νj(0)⟩ = ∑
i

UβjU*αj e−iEj t
as

survival/oscillation probability 

Pαβ(t) = δαβ − 4∑
j<k

Re[U*βkUαkUβjU*αj]sin2 (
Δkj

2 ) + 2∑
j<k

Im[U*βkUαkUβjU*αj]sin(Δkj)

Δkj = (Ek − Ej)t

 is the energy of  the free 
streaming neutrino
Ej

Neutrino Flavor Oscillations in Vacuum
Basic Concepts



this term conserves CP (same for  )ν̄
U → U*

Pαβ(t) = δαβ − 4∑
j<k

Re[U*βkUαkUβjU*αj]sin2 (
Δkj

2 ) + 2∑
j<k

Im[U*βkUαkUβjU*αj]sin(Δkj)

Neutrino Flavor Oscillations in Vacuum
Basic Concepts



this term conserves CP (same for  )ν̄ this term violates CP (changes sign for   )ν̄
U → U*

Pαβ(t) = δαβ − 4∑
j<k

Re[U*βkUαkUβjU*αj]sin2 (
Δkj

2 ) + 2∑
j<k

Im[U*βkUαkUβjU*αj]sin(Δkj)

Neutrino Flavor Oscillations in Vacuum
Basic Concepts



this term conserves CP (same for  )ν̄ this term violates CP (changes sign for   )ν̄
U → U*

If   there is no CP violation as β = α Im[ |Uαk |2 |Uαj |
2 ] = 0

CP violation can only manifest if    (appearance experiments) β ≠ α

Pαβ(t) = δαβ − 4∑
j<k

Re[U*βkUαkUβjU*αj]sin2 (
Δkj

2 ) + 2∑
j<k

Im[U*βkUαkUβjU*αj]sin(Δkj)

(no CP violation in disappearance experiments) 

Neutrino Flavor Oscillations in Vacuum
Basic Concepts



phase diffe
rences

ultra-relativistic

Δkj

2
≡

(Ek − Ej)
2ℏ

L
c

=
Δm2

kjc4

4E
L
ℏc

= 1.27 (
Δm2

kj

eV2 ) ( GeV
E ) ( L

km ) Δm2
kj = m2

k − m2
j

[only here we do not use natural units]

Δkj

2
≡

Δm2
kj

4E
L (back to natural units) 

this is useful for calculations

•only depend on mass squared differences (no sensitivity to the absolute mass scale) 

neutrino energy (source) & baseline (source-detector) 

Pαβ(t) = δαβ − 4∑
j<k

Re[U*βkUαkUβjU*αj]sin2 (
Δkj

2 ) + 2∑
j<k

Im[U*βkUαkUβjU*αj]sin(Δkj)

mass squared difference

Neutrino Flavor Oscillations in Vacuum
Basic Concepts



Pαβ(t) = δαβ − 4∑
j<k

Re[U*βkUαkUβjU*αj]sin2 (
Δkj

2 ) + 2∑
j<k

Im[U*βkUαkUβjU*αj]sin(Δkj)

phase diffe
rences ultra-relativistic

Δm2
kj = m2

k − m2
j

Δkj

2
≡

Δm2
kj

4E
L = π

L
L⊙

• We can define

oscilla
tion length

Neutrino Flavor Oscillations in Vacuum
Basic Concepts



Pαβ(t) = δαβ − 4∑
j<k

Re[U*βkUαkUβjU*αj]sin2 (
Δkj

2 ) + 2∑
j<k

Im[U*βkUαkUβjU*αj]sin(Δkj)

phase diffe
rences ultra-relativistic

Δm2
kj = m2

k − m2
j

Δkj

2
≡

Δm2
kj

4E
L = π

L
L⊙

• We can define

oscilla
tion length

•  if    the distance is too short for this phase difference to develop - no oscillation can be observer due it  L ≪ Lkj
⊙

•  if    the distance is long enough for this phase for  the system to oscillate many time L ≫ Lkj
⊙ sin2 (

Δkj

2 ) →
1
2

sin (Δkj) → 0

•  only for   we can see the oscillation pattern due to this phase differenceL ≈ Lkj
⊙

Neutrino Flavor Oscillations in Vacuum
Basic Concepts



Two Flavor Oscillations in Vacuum
simplest but still very useful case

(
|να⟩
|νβ⟩) = U ( |ν1⟩

|ν2⟩) = ( cos θ sin θ
−sin θ cos θ) ( |ν1⟩

|ν2⟩)   is real U

only  one phase difference Δm2
21 = m2

2 − m2
1 L⊙ =

4π E
Δm2

21
only  oscillation length 



(
|να⟩
|νβ⟩) = U ( |ν1⟩

|ν2⟩) = ( cos θ sin θ
−sin θ cos θ) ( |ν1⟩

|ν2⟩)  is real U

only  one phase difference Δm2
21 = m2

2 − m2
1

Pαβ(t) = sin2(2θ) sin2 (π
L

L⊙ )

L⊙ =
4π E
Δm2

21
only  oscillation length 

Δm2
21 = 2.5 × 10−3 eV2

sin2(2θ) = 1.0

L[km]/E[GeV]

Pαα(t) = 1 − sin2(2θ) sin2 (π
L

L⊙ )
Survival probability

10 100 1000 104

0.2

0.4

0.6

0.8

1.0

L ≪ L⊙

L ≫ L⊙Survival probability

Oscillation probability

Two Flavor Oscillations in Vacuum
simplest but still very useful case



only  one phase difference Δm2
21 = m2

2 − m2
1

Pαβ(t) = sin2(2θ) sin2 (π
L

L⊙ )

L⊙ =
4π E
Δm2

21
only  oscillation length 

Δm2
21 = 2.5 × 10−3 eV2

E = 1 GeV
sin2(2θ) = 0.8

200 400 600 800 1000 1200

0.2

0.4

0.6

0.8

1.0

L[km]

sin2(2θ)
amplitude of  the oscillation L⊙ = 992 km

Pαα

Pαβ
Pαα(t) = 1 − sin2(2θ) sin2 (π

L
L⊙ )

Survival probability

Oscillation probability

oscillation length

(
|να⟩
|νβ⟩) = U ( |ν1⟩

|ν2⟩) = ( cos θ sin θ
−sin θ cos θ) ( |ν1⟩

|ν2⟩)  is real U

Two Flavor Oscillations in Vacuum
simplest but still very useful case



Three Flavor Oscillations in Vacuum
We have 3 flavors in nature

|νe⟩
|νμ⟩
|ντ⟩

= U*
|ν1⟩
|ν2⟩
|ν3⟩

Unitary Matrix

U =
Ue1 Ue2 Ue3
Uμ1 Uμ2 Uμ3

Uτ1 Uτ2 Uτ3

V
Majorana Phases



Three Flavor Oscillations in Vacuum
We have 3 flavors in nature

|νe⟩
|νμ⟩
|ντ⟩

= U*
|ν1⟩
|ν2⟩
|ν3⟩

U =

�

�
c12c13 s12c13 s13e�ı�

�s12c23 � c12s23s13eı� c12c23 � s12s23s13eı� s23c13

s12s23 � c12c23s13eı� �c12s23 � s12c23s13eı� c23c13

�

�

cij � cos �ij sij � sin �ij �ij � [0,�/2] � � [0, 2�]

V = diag(↵1, 1,↵3)

3 mixing angles + 1  phase

do not enter oscillation  

Unitary Matrix

V
Majorana Phases

Oscillations are the same for DIRAC & MAJORANA neutrinos !



U =

�

�
c12c13 s12c13 s13e�ı�

�s12c23 � c12s23s13eı� c12c23 � s12s23s13eı� s23c13

s12s23 � c12c23s13eı� �c12s23 � s12c23s13eı� c23c13

�

�

cij � cos �ij sij � sin �ij �ij � [0,�/2] � � [0, 2�]

V = diag(↵1, 1,↵3)

�m2
31 = �m2

32 ��m2
21 only two independent

3 mixing angles + 1  phase

Unitary Matrix

V
Majorana Phases

|νe⟩
|νμ⟩
|ντ⟩

= U*
|ν1⟩
|ν2⟩
|ν3⟩

Three Flavor Oscillations in Vacuum
We have 3 flavors in nature



Neutrino Flavor Oscillations in Matter
Basic Concepts

[L. Wolfenstein (1978)]

[S. Mikheyev and A. Yu Smirnov (1985)]

incoherent processes (capture, finite angle scattering)  

coherent forward scattering  effects 

they lead to a tiny effective potential for neutrinos in matter 

(a lot larger!)

σ ∝ G2
F

∝ GF

CC, NC

να

ordinary matter (electrons, nucleons)

να

low energy limit 
momentum transfer  ≪ MW, MZ



NC
νe

e−, p, n

νe
Z0

νμ

e−, p, n

νμ
Z0

ντ

e−, p, n

ντ
Z0

affects all neutrinos in the same way

gives rise to an unobservable common 

phase 

Neutrino Flavor Oscillations in Matter
Basic Concepts



CC
νe

e−, p, n

νe

W

singles out   νe

for a homogeneous and isotropic medium

Vcc(r) = 2GF ne(r)

(Earth, Sun)

electron number density

Neutrino Flavor Oscillations in Matter
Basic Concepts



CC
νe

e−, p, n

νe

W

singles out   νe

for a homogeneous and isotropic medium

Vcc(r) = 2GF ne(r)

(Earth, Sun)

electron number density

and    :νe Vcc(r) → − Vcc(r)

gives rise to an extra phase difference among the flavors

Neutrino Flavor Oscillations in Matter
Basic Concepts



Neutrino Flavor Oscillations in Matter
order of  magnitude of  the effect

electron fraction matter density

Vcc(r) = 2GF ne(r) ≃ 7.6 ( ne

np + nn ) ( ρ
g/cm3 ) × 10−14 eV

Earth’s crust

Earth’s core

Sun’s core

Supernova

ρ = 3 g/cm3 ⟹ Vcc ∼ 1 × 10−13 eV

ρ = 100 g/cm3 ⟹ Vcc ∼ 4 × 10−12 eV

ρ = 10 g/cm3 ⟹ Vcc ∼ 4 × 10−13 eV

ρ = 1014 g/cm3 ⟹ Vcc ∼ 4 eV

∼
1
2

electron fraction



Neutrino Flavor Oscillations in Matter
For 3 flavors
We have to solve  the Schrödinger  evolution equation

H(r) =
1

2E
U

m2
1

m2
2

m2
3

U† +
Vcc(r) 0 0

0 0 0
0 0 0

vacuum contribution

matter contribution (dynamics)  

i
d
dr

|νe⟩
|νμ⟩
|ντ⟩

= H
|νe⟩
|νμ⟩
|ντ⟩

for the Hamiltonian



It is useful to write this like this

H(r) =
1

2E
U

m2
1

m2
2

m2
3

U† +
2EVcc(r) 0 0

0 0 0
0 0 0

Acc(r)

Neutrino Flavor Oscillations in Matter
For 3 flavors



It is useful to write this like this

H(r) =
1

2E
U

m2
1

m2
2

m2
3

U† +
2EVcc(r) 0 0

0 0 0
0 0 0

Δm2/(2EVcc) ∼ 𝒪(1)
Δm2 ∼ 2 × 10 MeV × 4 × 10−12 eV ∼ 8 × 10−5 eV2

Δm2 ∼ 2 × 10 GeV × 10−13 eV ∼ 2 × 10−3 eV2 10 GeV Earth’s crustν@

10 MeV Sun's coreν@

Acc(r)

Neutrino Flavor Oscillations in Matter
For 3 flavors



This Hamiltonian can be diagonal at each point r of  the evolution 

=
1

2E
Ũ (r)

m̃1
2(r)

m̃2
2(r)

m̃3
2(r)

Ũ †(r)
|νe(r)⟩
|νμ(r)⟩
|ντ(r)⟩

= Ũ(r)
| ν̃1(r)⟩
| ν̃2(r)⟩
| ν̃3(r)⟩

instantaneous mass eigenstates

H(r) =
1

2E
U

m2
1

m2
2

m2
3

U† +
Acc(r) 0 0

0 0 0
0 0 0

Neutrino Flavor Oscillations in Matter
For 3 flavors



This Hamiltonian can be diagonal at each point r of  the evolution 

H(r) =
1

2E
U

m2
1

m2
2

m2
3

U† +
Acc(r) 0 0

0 0 0
0 0 0

in generally, solve numerally 

Neutrino Flavor Oscillations in Matter
For 3 flavors



This Hamiltonian can be diagonal at each point r of  the evolution 

H(r) =
1

2E
U

m2
1

m2
2

m2
3

U† +
Acc(r) 0 0

0 0 0
0 0 0

dAcc(r)/dr = 0 constant matter density 

dAcc(r)/dr is small we will discuss 

them for 2 flavors

in generally, solve numerally 

but there are useful 
analytic solutions

i.e. adiabatic transition

Neutrino Flavor Oscillations in Matter
For 3 flavors



Neutrino Flavor Oscillations in Constant Matter
For 2 flavors

i
d
dr ( |νe⟩

|νx⟩) =
− Δm2

4E cos 2θ + Vcc
Δm2

4E sin 2θ
Δm2

4E sin 2θ Δm2

4E cos 2θ ( |νe⟩
|νx⟩)

|νe⟩ = cos θm | ν̃1⟩ + sin θm | ν̃2⟩
|νx⟩ = − sin θm | ν̃1⟩ + cos θm | ν̃2⟩Ũ = ( cos θm sin θm

−sin θm cos θm)

Δm2 = Δm2
21

mixing in matter

in constant matter density



i
d
dr ( |νe⟩

|νx⟩) =
− Δm2

4E cos 2θ + Vcc
Δm2

4E sin 2θ
Δm2

4E sin 2θ Δm2

4E cos 2θ ( |νe⟩
|νx⟩)

in constant matter density

|νe⟩ = cos θm | ν̃1⟩ + sin θm | ν̃2⟩
|νx⟩ = − sin θm | ν̃1⟩ + cos θm | ν̃2⟩Ũ = ( cos θm sin θm

−sin θm cos θm)
Δ m̃ 2 = (Δm2 cos 2θ − 2E Vcc)2 + (Δm2 sin 2θ)2

sin2 θm =
1
2 (1 +

(2EVcc − Δm2 cos 2θ)
Δ m̃ 2 )

Δm2 = Δm2
21

if    2EVcc ≪ Δm2 cos 2θ
we recover vacuum solution

if    2EVcc ≫ Δm2 cos 2θ
sin2 θm → 1 |να⟩ → | ν̃2⟩

mixing in matter

mass squared splitting in matter

Neutrino Flavor Oscillations in Constant Matter
For 2 flavors



mass squared splitting in matter

mixing in matter

Ũ = ( cos θm sin θm

−sin θm cos θm)
Δ m̃ 2 = (Δm2 cos 2θ − 2E Vcc)2 + (Δm2 sin 2θ)2

sin 2θm =
sin 2θ

(cos 2θ − 2EVcc/Δm2)2 + sin2 2θ

MSW resonance condition

maximal mixing in matter

Δm2 cos 2θ = 2E Vcc

θm = 45∘

it happens either if   or  Δm2, cos 2θ > 0 Δm2, cos 2θ < 0

i
d
dr ( |νe⟩

|νx⟩) =
− Δm2

4E cos 2θ + Vcc
Δm2

4E sin 2θ
Δm2

4E sin 2θ Δm2

4E cos 2θ ( |νe⟩
|νx⟩)

|νe⟩ = cos θm | ν̃1⟩ + sin θm | ν̃2⟩
|νx⟩ = − sin θm | ν̃1⟩ + cos θm | ν̃2⟩

5 10 15 20

0.4

0.6

0.8

1.0

arb. units

si
n

2θ
m

EVcc →

mixing in matter

Neutrino Flavor Oscillations in Constant Matter
For 2 flavors

Matte
r E

ffe
cts are

 sensitiv
e to

 sing of  Δ
m

2



Adiabatic Transition in Matter
For 2 flavors

i
d
dr ( |νe⟩

|νx⟩) = H ( |νe⟩
|νx⟩) H =

1
2E

Ũ (r)(m̃1
2(r)

m̃2
2(r)) Ũ †(r)

( |νe(r)⟩
|νx(r)⟩) = Ũ (r)( | ν̃1(r)⟩

| ν̃2(r)⟩)



i
d
dr ( |νe⟩

|νx⟩) = H ( |νe⟩
|νx⟩) H =

1
2E

Ũ (r)(m̃1
2(r)

m̃2
2(r)) Ũ †(r)

( |νe(r)⟩
|νx(r)⟩) = Ũ (r)( | ν̃1(r)⟩

| ν̃2(r)⟩)

i
d
dr

Ũ (r)( | ν̃1⟩
| ν̃2⟩) =

1
2E

Ũ (r)(m̃1
2(r)

m̃2
2(r)) Ũ †(r) Ũ (r)( | ν̃1⟩

| ν̃2⟩)

Adiabatic Transition in Matter
For 2 flavors



i
d
dr ( |νe⟩

|νx⟩) = H ( |νe⟩
|νx⟩) H =

1
2E

Ũ (r)(m̃1
2(r)

m̃2
2(r)) Ũ †(r)

( |νe(r)⟩
|νx(r)⟩) = Ũ (r)( | ν̃1(r)⟩

| ν̃2(r)⟩)

i
d
dr

Ũ (r)( | ν̃1⟩
| ν̃2⟩) =

1
2E

Ũ (r)(m̃1
2(r)

m̃2
2(r)) Ũ †(r) Ũ (r)( | ν̃1⟩

| ν̃2⟩)

i
d
dr

Ũ (r)( | ν̃1⟩
| ν̃2⟩) =

1
2E

Ũ (r)(m̃1
2(r)

m̃2
2(r)) ( | ν̃1⟩

| ν̃2⟩)

Adiabatic Transition in Matter
For 2 flavors



if  d
dr

Ũ (r) ≃ 0 i
d
dr

Ũ (r)( | ν̃1⟩
| ν̃2⟩) ≃ i Ũ (r)

d
dr ( | ν̃1⟩

| ν̃2⟩)

(1)

(2)

i
d
dr

Ũ (r)( | ν̃1⟩
| ν̃2⟩) =

1
2E

Ũ (r)(m̃1
2(r)

m̃2
2(r)) ( | ν̃1⟩

| ν̃2⟩)
slowly varying matter density (Sun)

Adiabatic Transition in Matter
For 2 flavors



if  d
dr

Ũ (r) ≃ 0 i
d
dr

Ũ (r)( | ν̃1⟩
| ν̃2⟩) ≃ i Ũ (r)

d
dr ( | ν̃1⟩

| ν̃2⟩)

i
d
dr ( | ν̃1⟩

| ν̃2⟩) =
1

2E (m̃1
2(r)

m̃2
2(r)) ( | ν̃1⟩

| ν̃2⟩)
Ũ (r)† ×

(1)

(2)

(1) using (2)

i
d
dr

Ũ (r)( | ν̃1⟩
| ν̃2⟩) =

1
2E

Ũ (r)(m̃1
2(r)

m̃2
2(r)) ( | ν̃1⟩

| ν̃2⟩)
slowly varying matter density (Sun)

Equations decouple !

Mass eigenstates evolve 
independently

They do not mix!

Adiabatic Transition in Matter
For 2 flavors



Mass eigenstates only get a phase during propagation

| ν̃1⟩(rf) = e
−i ∫

rf

ri
( m̃2

1(r)
2E ) dr

| ν̃1⟩(ri) | ν̃2⟩(rf) = e
−i ∫

rf

ri
( m̃2

2(r)
2E ) dr

| ν̃2⟩(ri)

ϕ2/2Eϕ1/2E

Adiabatic Transition in Matter
For 2 flavors



Mass eigenstates only get a phase during propagation

| ν̃1⟩(rf) = e
−i ∫

rf

ri
( m̃2

1(r)
2E ) dr

| ν̃1⟩(ri) | ν̃2⟩(rf) = e
−i ∫

rf

ri
( m̃2

2(r)
2E ) dr

| ν̃2⟩(ri)

( |νe(ri)⟩
|νx(ri)⟩) = Ũ (ri)(

| ν̃1(ri)⟩
| ν̃2(ri)⟩) = ( cos θ̃(ri) sin θ̃(ri)

−sin θ̃(ri) cos θ̃(ri)) (
| ν̃1(ri)⟩
| ν̃2(ri)⟩)

(
|νe(rf )⟩
|νx(rf )⟩) = Ũ (rf )(

| ν̃1(rf )⟩
| ν̃2(rf )⟩) =

cos θ̃(rf ) sin θ̃(rf )

−sin θ̃(rf ) cos θ̃(rf ) (
| ν̃1(rf )⟩
| ν̃2(rf )⟩)

Flavor eigenstates @ the production point

Flavor eigenstates @ the end of evolution

ϕ2/2Eϕ1/2E

Adiabatic Transition in Matter
For 2 flavors



Mass eigenstates only get a phase during propagation

| ν̃1⟩(rf) = e
−i ∫

rf

ri
( m̃2

1(r)
2E ) dr

| ν̃1⟩(ri) | ν̃2⟩(rf) = e
−i ∫

rf

ri
( m̃2

2(r)
2E ) dr

| ν̃2⟩(ri)

( |νe(ri)⟩
|νx(ri)⟩) = Ũ (ri)(

| ν̃1(ri)⟩
| ν̃2(ri)⟩) = ( cos θ̃(ri) sin θ̃(ri)

−sin θ̃(ri) cos θ̃(ri)) (
| ν̃1(ri)⟩
| ν̃2(ri)⟩)

(
|νe(rf )⟩
|νx(rf )⟩) = Ũ (rf )(

| ν̃1(rf )⟩
| ν̃2(rf )⟩) =

cos θ̃(rf ) sin θ̃(rf )

−sin θ̃(rf ) cos θ̃(rf ) (
| ν̃1(rf )⟩
| ν̃2(rf )⟩)

Flavor eigenstates @ the production point

Flavor eigenstates @ the end of evolution

ϕ2/2Eϕ1/2E

=
cos θ̃(rf ) sin θ̃(rf )

−sin θ̃(rf ) cos θ̃(rf ) (e−iϕ1/2E 0
0 e−iϕ2/2E) (cos θ̃(ri) −sin θ̃(ri)

sin θ̃(ri) cos θ̃(ri) ) ( |νe(ri)⟩
|νx(ri)⟩)

Adiabatic Transition in Matter
For 2 flavors



Survival Propability of  νe

Pee = |𝒜ee |2 = |⟨νe(rf) |νe(ri)⟩ |2 = |cos θ̃(rf) cos θ̃(ri) + e−i (ϕ2 − ϕ1)
2E sin θ̃(rf) sin θ̃(ri) |2

Pee ≃ cos2 θ12 cos2 θ̃(ri) + sin2 θ12 sin2 θ̃(ri)

vacuum value @ the exit of  the Sun

the interference term average out
[S. Parke (1986)]Δϕ ≫ E

Adiabatic Transition in Matter
For 2 flavors

for solar neutrinos



How about the Mass Ordering?



How can we  Label the Mass Eigentates?
Using data results 

⌫e ⌫µ ⌫⌧

using fraction

most

least

we know that (see Lecture II) 

[sin2 θ12 ≃ 0.3]



What is the neutrino mass Ordering?
We currently have two possibilities 

no
rm

al
 o

rd
er

in
g

inverted ordering

�
m

2 a
tm
⌫e ⌫µ ⌫⌧

�
m

2 2
1

�
m

2 2
1

Δm2
31 > Δm2

32 > 0 Δm2
31, Δm2

32 < 0

|Δm2
32 | > |Δm2

31 |



Effect   - scaleΔm2
atm

For Disappearance Experiments

• for experiments where 

[ H. Nunokawa, S. J. Parke, RZF (2005)] 

Δ21 ≡
Δm2

21L
4E

≪ 1

Pνe→νe
= 1 − sin2 2θ13 sin2 Δee + 𝒪(Δ2

21) Δ21(⟨E⟩ ∼ 4 MeV, L ∼ 1 km) ∼ 2 %
DayaBay/RENO

Δm2
ee ≡ Δm2

31 cos2 θ12 + Δm2
32 sin2 θ21 effective  scale for  disappearance  νe

Δm2
31 |NO

e = |Δm2
ee | + Δm2

21 sin2 θ12

|Δm2
32 |IO

e = |Δm2
ee | + Δm2

21 cos2 θ12

|Δm2
32 |IO

e − Δm2
31 |NO

e = Δm2
21 cos 2θ12

νe → νe
νe → νe

in vacuum

Δm
2
31, Δm

2
32, Δm2

ee

all equivalent



Effect   - scaleΔm2
atm

For Disappearance Experiments

• for experiments where Δ21 ≡
Δm2

21L
4E

≪ 1

Pνμ→νμ
= 1 − sin2 2θeff sin2 Δμμ + 𝒪(Δ2

21)

effective  scale for  disappearance  νμ

Δm2
31 |NO

μ = |Δm2
μμ | + Δm2

21(cos2 θ12 − sin θ13 cos δNO)

|Δm2
32 |IO

μ = |Δm2
μμ | + Δm2

21(sin2 θ12 + sin θ13 cos δIO)

Δ21(⟨E⟩ ∼ 0.6 GeV, L ∼ 295 km) ∼ 5 %
T2K

NOvA

Δ21(⟨E⟩ ∼ 2.0 GeV, L ∼ 810 km) ∼ 4 %

Δm2
31 |NO

μ − |Δm2
32 |IO

μ = Δm2
21 (cos 2θ12 − 2 sin θ13 cos δ)

Δm2
μμ ≡ Δm2

31 sin2 θ12 + Δm2
32 cos2 θ21 + sin θ13 sin 2θ12 tan θ23 cos δ Δm2

21

[ H. Nunokawa, S. J. Parke, RZF (2005)] 

νμ → νμ
νμ → νμ

in vacuum

Δm
2
31, Δm

2
32, Δm2

μμ

all equivalent



Mass Ordering Sum Rule
For Disappearance Experiments [S. J. Parke, RZF (2024) arXiv:2404.0873 ] 

(Δm2
31 |NO

μ − Δm2
31 |NO

e ) + ( |Δm2
32 |IO

e − |Δm2
32 |IO

μ ) = (2 cos 2θ12 − 2 sin θ13 cos δ) Δm2
21

Δm2
31 |NO

μ = Δm2
31 |NO

e if   NO is true

|Δm2
32 |IO

e = |Δm2
32 |IO

μ if   IO is true

Δm2
31 |NO

T2K+NOvA = (2.516 ± 0.031) × 10−3eV2

|Δm2
32 |IO

T2K+NOvA = (2.485 ± 0.031) × 10−3eV2

(2.4 − 0.9 cos δ) % |Δm2
atm |

∼ 1.2 %

[http://www.nufit.org - v52.fig-chisq]-dma.pdf] 

@ the moment no disappearance experiment has any sensitivity to the ordering

%few 

https://arxiv.org/abs/2404.08733
http://www.nufit.org


Mass Ordering Sum Rule
For Disappearance Experiments [S. J. Parke, RZF (2024) arXiv:2404.0873 ] 

(Δm2
31 |NO

μ − Δm2
31 |NO

e ) + ( |Δm2
32 |IO

e − |Δm2
32 |IO

μ ) = (2 cos 2θ12 − 2 sin θ13 cos δ) Δm2
21

Δm2
31 |NO

μ = Δm2
31 |NO

e if   NO is true

|Δm2
32 |IO

e = |Δm2
32 |IO

μ if   IO is true

(2.4 − 0.9 cos δ) % |Δm2
atm |

∼ 2.4 %

[http://www.nufit.org - v52.fig-chisq]-dma.pdf] 

@ the moment no disappearance experiment has any sensitivity to the ordering

%few 

Daya Bay

https://arxiv.org/abs/2404.08733
http://www.nufit.org


normal orderinginverted ordering

http://www.nufit.org

NO

NOIO

IO

LBL+Reactors

LBL+Reactors

Disappearance Experiments Synergy
Neutrino Mass Ordering

T2K/NO Aν

Δm2
31 |NO

μ > |Δm2
32 |IO

μ

Δm2
31 |NO

μ − |Δm2
32 |IO

μ = Δm2
21 (cos 2θ12 − 2 sin θ13 cos δ)

T2K/NO Aν

|Δm2
32 |IO

e − Δm2
31 |NO

e = Δm2
21 cos 2θ12

 Daya Bay/RENO/DC 

|Δm2
32 |IO

e > Δm2
31 |NO

e Daya Bay/RENO/DC 

http://www.nufit.org


JUNO SUB-% PRECISION

[S. J. Parke, RZF (2024) arXiv:2404.0873 ] 

|Δm2
32 |IO

JUNO = Δm2
31 |NO

JUNO + 4.7 × 10−5eV2

|Δm2
32 |IO

T2K+NOvA = (2.485 ± 0.031) × 10−3eV2

IO

NO

Δm2
31 |NO

T2K+NOvA = (2.516 ± 0.031) × 10−3eV2

assuming NO is true

https://arxiv.org/abs/2404.08733

