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“Every question is a cry to
- understand the world. There is

no such thing as a dumb

guestion”

Car/ Sagar
(The Demon—taunted torld: Science as a Candle in the Dark )



Introduction

A word about the world cup

A word about physics

 Physics is about measurements/data/observation: need
error bars (statistics!)

 Physics is about connecting data with models: model
fitting, errors, etc. (statistics!)

e Vast field that underpins our daily practice



Plan

* Prolegomena on probability distributions
Part 1:

e Maximum Likelihood Estimation (MLE) and Likelihood
Ratio confidence intervals

e Worked examples
Part 2:
A peek at Bayesian statistics

e On fitting, over (under) fitting, and regularization
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Probability

e Determinism is more intuitive and acceptable than
stochasticity

* Most decisions are based on a probabilistic assessment
(conscious or not)

 Fundamental to our understanding of the world
* Not very intuitive

e Superficially addressed and poorly tough in most courses
(including this one!)



Probability

e Nomenclature: random, probabillistic, stochastic
e Sources of uncertainty
* |ncomplete observability

* Incomplete modeling
 Unpredictability (e.g. mood)

e |Inherent stochasticity (e.g. QM)
e Simple probabilities
* Probability of something to happen (binary)
e Integer probability (discrete)
e Continuous probability



.
Probability distribution function

e Realization: outcome of a random process (e.g. roll a dice)

e Sampling: number of realizations [ ? J [o oj [oooJ [Z Zj [ZoZJ [

possible outcomes
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o
o
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e Example: 10,000 throws

e Qutcome

0.175 Relative frequencies:
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Probability distribution function

Realization: outcome of a random process (e.g. roll a dice)

e Sampling: number of realizations

possible outcomes

Example: 10,000 throws

e Qutcome

Underlying probabilistic distribution

probability mass function Probabilities add to one:
1/6 ZP(:E) =1
rex



Probability density/
distribution function

* A continuous variable will have continuous probability
* p(x) is the probability density

p(x)

X

- Can compute a probability for a range of values

B
P = / p(x)dz integral (area under the curve)
A



Probability density/
distribution function

* A continuous variable will have continuous probability
* p(x) is the probability density

p(x)

X

Probabilities must add up to 1: integral on all possible

values Is unity (normalization) p+oc
/ p(x)dx =1

— O
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Information encoded In a pdf

Example: Gaussian pdf 1 (=i
'(](.1': L (T) —_— : e 2\ o .
argument/ t 1t 2mo
parameters

- Mode (peak), p: most likely value

g(x)

- Confidence region

- Range encompassing a given
probablility (percentile)

- Standard deviation o:

contains 68% probability -o +0 X

- Mean value, p (median more representative if outliers/tails)

Whole shape of the pdf contains useful information (e.g. multiple peaks)

The pdf contains essentially all information we can get from a stochastic process



Information encoded In a pdf

Example: skewed pdf Median

- Mode (peak), p: most likely value Mean - Mode

- Confidence region

- Range encompassing a given
probablility (percentile)

. - . - - -

- Standard deviation o:

contains 68% probability

- Mean value, p (median more representative if outliers/tails)
Whole shape of the pdf contains useful information (e.g. multiple peaks)

The pdf contains essentially all information we can get from a stochastic process



Statistics, the Inverse Problem of Probability

For example, the exponential distribution.

Probability: knowing 7, say something about =.

Statistics: knowing z, say something about 7.



Statistics, the Inverse Problem of Probability
Probability (easy):
@ knowing that the half-life of a nucleusis 7 = 2s
@ what is the fraction of decays between 1 and 3s?

3
@ Unique solution: P(1<t<3|7'=2):/ flr|T)dx =e I e
1

V][OV

= 0.3834

Exponential (¢




Statistics, the Inverse Problem of Probability

Statistics (difficult):
@ A random measurement of the exponential distribution gives: = = 2.7
@ What can we say about the parameter 7? 7 =2.77,% with 68% CL.
@ The solution is “correct”, but not unique: many other correct solutions.

@ Often there is no “good” solution: many approximate solutions.



The Likelihood Function Definition

The Likelihood Function

A parameter 6 is to be estimated from measurements « according to some f(x:;0).
The probability to get x1, =2 after 2 independent measurements : f(x1;0) x f(x2;0)

And the probability to obtain the n independent measurements « = {z;} is

n

f@0)=]] fz:;0)

=1



The Likelihood Function Definition

The Likelihood Function

A parameter 6 is to be estimated from measurements « according to some f(x:;0).
The probability to get x1, =2 after 2 independent measurements : f(x1;0) x f(x2;0)

And the probability to obtain the n independent measurements « = {z;} is

n

f@0)=]] fz:;0)

=1

This is the likelihood function but thought as function of 8, given the measurement {z;}

ZL(0) =Z20]|x) = H fxi;0)



The Likelihood Function Definition

The Likelihood Function

A parameter 6 is to be estimated from measurements « according to some f(xz;0).
The probability to get =1, x 2 after 2 independent measurements : f(x1;0) x f(x2;0)

And the probability to obtain the n independent measurements « = {x;} is

n

f@0)=]] fz:;0)

=1

This is the likelihood function but thought as function of 8, given the measurement {z;}
20)=2(0]2) = [] fa:0)

The notation . stresses that we mean fixed data {x; }.



The Likelihood Function Exponential Distribution Case

The Likelihood Function: the exponential distribution case

. . . 1 _
Consider n independent exponential measurements, f(z;7) = —e z/T

The likelihood expresses how likely the observed data « assuming a value of 7.
However £ (| x) is NOT a probability density on 7: / L(r|x)dr #1
0

It is only normalized in x: / L(rt|x)de=1
0



The Likelihood Function Exponential Distribution Case

The Likelihood Function: the exponential distribution case

Plots .#Z (1) for different values of n, at constant > x;/n :

Likelihood

10 10*
8 F B os
o 51— 3 F
= - < -
° T
X u R~ - —
= F = o4l n=40
s 03—
Py 02—
1; 01—
oLl e L L L ol Al v b b b e e L L T ol el e e b L
0 2 4 6 8 10 12 14 16 18 20 0 2 4 6 8 10 12 14 16 18 20 0 10 12 14 16 18 20
Parameter t© Parameter t© Parameter t©

@ Values of 7 for which .# is very small are ruled out.

@ Best estimates of 7 come form the region where ¥ is largest.

@ Precision of estimate for 7 comes from width of . distribution.

@ As n increases the admissible values of 7 get restricted: precision increases.

@ At large n the likelihood looks Gaussian.



The Likelihood Function Parameter estimate: Maximum likelihood principle

The Maximum Likelihood Principle

The Maximum Likelihood (ML) estimate, 0(x), is that which maximizes . :

ZL@O|x)> L0 |x) VO

@ The estimate d(x) is a statistic, a function of only the data, an observable.

@ Numerical solution, maximizing . wrt 6 at fixed « : unbinned fit.

@ For a few cases solution can be analytical, 83{(}? z) 0
6=0
: : : 1
@ In general, log .Z is easier to work with : Olog 2 =0 & 02 =0

00 00



The Likelihood Function Parameter estimate: Maximum likelihood principle

The Maximum Likelihood Principle: the exponential distribution case

The MLE for the exponential distribution, an example of analytical solution.

P(r) = — e DT/T
T
log Z(t) = —nlogt — ZT%
dlog Z(1) no >
= 24
or T 72
0log Z (1)




The Likelihood Function Extracting the Confidence Interval from &

The Likelihood Function: extracting the Confidence

What about the uncertainty on the MLE parameters?

How to extract it from the width of the likelihood?

e} O
o o ~
o o 5
< < -
© © C
< < L
o. A
s
o
=
0:\\\\\\\\\\\\\\\\HMHMHMHMHMH OH\\\\\H\MHMHMHMHMHMHH\
0 2 4 6 8 10 12 14 16 18 20 0 2 4 6 8 10 12 14 16 18 20
Parameter t© Parameter t©

Likelihood
o
(¢,

I
~

0.3

0.2

0.1

Interval from &

16 18 20
Parameter t©

10



The Likelihood Function Extracting the Confidence Interval from &

Confidence Intervals: the parabolic approximation

The MLE have the property of asymptotic normality: for n large, 6 tends to gaussian.

Exponential example: 7 = 2 xi, and > x; (sum of exponentials) tends to gaussian.
n
A A 100-6)2
2010) = 1010) = o= 2 ()
2o
- 1/0—0\2
log Z(0|0) = —log V2mo — 5( - )

Repeating the experiment, § (random variable) fluctuates around 6 (fixed-parameter).

11



The Likelihood Function Extracting the Confidence Interval from &

Confidence Intervals: the parabolic approximation

The MLE have the property of asymptotic normality: for n large, 6 tends to gaussian.

Exponential example: 7 = ani, and > x; (sum of exponentials) tends to gaussian.
2010) = 1(0]0) = —— 3(%F°)
o _= é (o}
V2mo
A 170 —0\2
log Z(60|0) = —log V2mo — 5( ~ )

Repeating the experiment, § (random variable) fluctuates around 6 (fixed-parameter).

For one experiment:

#£(00) is a gaussian centered on .

log .Z(0|0) is a parabola centered on 6.

11



The Likelihood Function Extracting the Confidence Interval from &

Confidence Intervals: the parabolic approximation

The gaussian (parabolic) approximation works better at higher n.

x107"° %1072
ot B o5
o [ o
£ [ £ r
@©0.12— 3 B
= [ = a4l
. 0 04—
ol n=15 C n =40
0.08— 03—
0.06|— B
= 02—
0.04— B
- 01—
0.02|— B
ol L [ EEPRN R R ok P IR IR I RRR R
0 2 4 6 8 10 12 14 16 18 20 0 10 12 14 16 18 20
Parameter t Parameter t
© F Fo) =
o) C o] =
o o L
£ 5[ £ b
o 'L © -98—
X~ L X~ B
- - 3 L
8’) - n=15 8) C n=40
S-% S _ool—
-39 -100{—
-401— —101-
-4 —102
C Ll P I BRI R R L. cl v b b e b by
0 2 4 6 8 10 12 14 16 18 20 0 10 12 14 16 18 20

Parameter t

Parameter t



The Likelihood Function Extracting the Confidence Interval from & 13

Confidence Intervals: the parabolic approximation

Within the parabolic approximation, the variance is extracted from the (usually

numerically evaluated) second derivative of log .Z:

~ 1(0—-0\2
2010) = — e 2(%)
2o
- 1/60—0\2
log Z(0|0) = —log 27?0—5( - )
Olog £(010) 60—
00 B o2
~ —1
OlogZ(0]0) 1 2 0% log &
902 T T2 T ° e
If several parameters:
—1
~oa 0% log &
COV(@z’,Qj) = [— 8(9@ 693 ]



The Likelihood Function Extracting the Confidence Interval from &

Confidence Intervals: the parabolic approximation

@ The parabolic approximation assumes validity of the asymptotic Gaussian regime.
@ |t is the default error calculation in most software packages.
@ It only requires the second derivatives at the maximum, the hessian matrix.

@ Accounts for correlations via the covariance matrix, the inverse of the hessian.

14



Likelihood Ratio Confidence Intervals

Likelihood Ratio Confidence Intervals

15



The Likelihood Function Review 16

The Likelihood Function: Review

A parameter 6 is to be estimated from measurements « according to some f(x;0).

The probability to obtain the n independent measurements « = {z;} is

f@0)=]] fz:;6)

=1

This is the likelihood function (0 | ), where .# stresses we mean fixed data {x; }.

n

L0)=20z) = || f(x:;0)

=1

The likelihood expresses how likely the observed data, x, assuming a value of 6.



17
The Likelihood Function: Review
: 1 _ - : 1 _ :
For the exponential case f(z;7) = —e /T the likelihood is L(r|lx)=—c¢€ 2 Ti/T
T T
%:)Z:j: g . 20.4; n=40

Parameter t Parameter ©

Parameter ©

@ The Maximum Likelihood (ML) estimate, é(m), is that which maximizes Z.

DT

n

@ For the case of the exponential, the MLE is: 7 =
@ The uncertainty in d(x) is related to the width of .

@ At large n the likelihood tends to a Gaussian (Central Limit Theorem).



The Likelihood Function The parabolic approximation

Confidence Intervals: the Parabolic Approximation

Let’'s expand the likelihood log .# () in a series around 6:

~  Olog Z(6 A
log Z(0) = log Z(0) + 0%9( )

In the linear term, the derivative is zero.

In the quadratic term, it is the inverse of the Cramér-Rao estimator of sigma:

L2 8210g$|
002 14

2\ 2
log,ﬁf(@) = lOgciﬂmax - 1 (9 i 9)
2 o

In the vicinity of the ML estimator, log.Z is parabolic.

18



The Likelihood Function The parabolic approximation

Confidence Intervals: the Parabolic Approximation

To see in which range the approximation is valid, the graphical interpretation of o is

useful.

1/60—0\2
log £, (0) = logﬁfmax—§( - )
A n2
log Zp(0 =0 +no) = log Zmax — 5

log Zo(0 £ no) = log Lmax — %

19



The Likelihood Function The parabolic approximation 19

Confidence Intervals: the Parabolic Approximation

To see in which range the approximation is valid, the graphical interpretation of o is

useful.

1/0—0\2
log £, (0) = logfmax—§( - )

2
n

log Zp(0 = 0 £ no) = log Lmax — -

2
log Z(0 £ no) = log L max — %

~ 12
68.3% CL (0+10) : log Zp(0c1) = log Lmax — - (0.5)

A 22
95.4% CL (0 +20) : log Zp(0c1) = log L max — - (2.0)

A 32
99.7% CL (0 +30) : log Zp(0c1) = log Zmax — S (4.5)



The Likelihood Function The parabolic approximation

Confidence Intervals: the Parabolic Approximation

| |
B w
o ©

|
N
-

Log Likelihood

| | |
& A B
B w N

|
SN
a1

|
N
o

N Ly
16 18 20

Parameter t

o
N
AN
(2]
(0]
—_
o
—_
N
—_
I

The log-likelihood for n = 15 measurements from an exponential distribution

Z(r|a) = — e Z/T



The Likelihood Function The parabolic approximation 21

Confidence Intervals: the Parabolic Approximation

| |
B w
o ©

|
N
-

Log Likelihood

| | |
& A B
B w N

|
SN
a1

|
N
o

N Ly
16 18 20

Parameter t

o
N
N
»
(e0]
—
o
—
N
—
o

The log-likelihood for n = 15 measurements from an exponential distribution

L(r|x) = L ~S%i/T  The ML estimate in this example is # = ani = 5.0
n




The Likelihood Function The parabolic approximation

Confidence Intervals: the Parabolic Approximation

|
N
-

A

N
IIII|IIII|IIII|IIII|IIII|IIII|

~~

\

Log Likelihood

| |
& A
B w

|
SN
a1

A

(o)}
°j~1.||||

—

| 1 1 1 1 1 1 | 1 1 1 | 1 1 1
12 14 16 18 20

Parameter t

N
N
of
(o]
-
o

Trace the parabolic approximation ., that matches .# at the maximum (. ax)

22



The Likelihood Function The parabolic approximation

Confidence Intervals: the Parabolic Approximation

Log Likelihood

&
O
|

|
oS
o

|
N
-

\

|
SN
N

|
SN
W

|
IS
N

|
SN
a1

LLmax - 0.5

A
(o)}
°j~1.||||

6 8 10 12 14 16 18 20
Parameter t

Draw a line at Zax — 0.5

23



The Likelihood Function The parabolic approximation

Confidence Intervals: the Parabolic Approximation

&
O
|

LLmax - 0.5

|
oS
o

|
N
-

IIII|IIII|IIII|IIII|IIII|I
~

\

Log Likelihood

| | |
& A B
B w N

|
SN
a1

A

(o)}
°j~1.||||

—

| 1 1 1 1 1 1 | 1 1 1 | 1 1 1
12 14 16 18 20

Parameter t

N
N
ok
(o]
-
o

The 68.3% CL interval limits correspond to the points where ¥, = £ max

— 0.5

24



The Likelihood Function The parabolic approximation

Confidence Intervals: the Parabolic Approximation

&
O
|

LLmax - 0.5

|
oS
o

|
N
-

\

Log Likelihood

| | |
& A B
B w N

\

|
SN
a1

A
(o)}
Oj‘L"'|

| 11 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 | 1 1 1 | 1 1 1
2 4 6 8 10 12 14 16 18 20

Parameter t

log Zp(Tc1) = log Lmax — 0.5 68.3% CL (7t+10): 50+1.3

25



The Likelihood Function The parabolic approximation

Confidence Intervals: the Parabolic Approximation

&
O
|

|
oS
o

|
N
-

Log Likelihood

| | |
& A B
B w N

\

|
SN
a1

AN Wmax20

LLmax - 0.5

LLmax - 2.0

A

(o)}
Oj‘L"'|

—

log Zp(Tc1) = log L max

1 | 1 1 1 1 1 1 1 1 1
8 10 12 14 16

Parameter t

18 20

— 0.5 68.3% CL (7 +10):

5.0+ 1.3
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The Likelihood Function The parabolic approximation

Confidence Intervals: the Parabolic Approximation

LLmax - 0.5

LLmax - 2.0

_42

|
SN
W

|
IS
N

\

|
SN
a1

A
o
O:'~LIII|IIII|IIII|IIII|IIII

| 1 1 1 1 1 1 | 1 1 1 | 1 1 1
12 14 16 18 20

Parameter t

log Zp(Tcr) = 10g Lmax — 0.5 68.3%CL (7 +1c): 50+1.3

log Z5(1c1) = log L max — 2.0 95.4% CL (T +20): 50+2.6

27



The Likelihood Function The parabolic approximation

Confidence Intervals: the Parabolic Approximation

e,
O 39
2 N LLmax - 0.5
gF 15
=3 F
E)D -41 ;__ ________________________ L _L[n_aZ( - _2'_0_
-1
~42—
_43
EY AN A R N LLmax - 4.5]
—44— /
_45 :—l/
_46 L 1 1 1 1 1 1 1 1 1 | 1 1 1 | 1 1 1
0 12 14 16 18 20

Parameter t
log ﬁfp(TCI) = log L max — 0.5 68.3% C L (7“- + 10) : H5.0x1.3

log Z5(1c1) = log L max — 2.0 95.4% CL (T +20): 50+2.6

28



The Likelihood Function The parabolic approximation

Confidence Intervals: the Parabolic Approximation

LLmax - 0.5

LLmax - 2.0

LLmax - 4.5

-44

A
W
III|I|III|IIII|IIII

i
=

©

—

45

—46 | 1 1 1 | 1 1 1

16 18 20
Parameter t

o
N
N
»
(e0]
—
o
—
N
—
N

log Zp(Tc1) = log Lmax — 0.5 68.3%CL (F+10): 5.0+1.3
log Z5(1c1) = log L max — 2.0 95.4% CL (T +20): 50+2.6

log %y (7c1) = 10g Lmax — 4.5 9.7%CL (7t+30): 50+3.9

29



The Likelihood Function The parabolic approximation

Confidence Intervals: the Parabolic Approximation

S-8o= ]
2 N LLmax - 0.5
2°F // n=15
| RS N LLmax - 2.0
St I \
~42— /
-/
—43— /
W N LLmax - 4.5
-44 _—/
-45 f—/
-/
—46 L 11 J 1 1 1 11 1 1 1 | 11 1 | 11 1
0 2 4 6 8 10 12 14 16 18 20

Parameter t

For n = 15, the parabolic approximation works fine up to +1o



The Likelihood Function The parabolic approximation

Confidence Intervals: the Parabolic Approximation

o —
O L e e e
o N
< - N ___________ L _L[n_aZ( - _0._5_
© -98—
é -
J —
(@) B n =40
3 L
- -99—
[ e 1 S LLmax - 2.0
-100—
-101—
; __________________________________ L J—[n_aZ( = f" '_5_
-102—
B 1 | 1 1 1 | 1 1 1 | 1 1 1 | 1 1 1 | 1 1 1 | 1 1 1
0 8 10 12 14 16 18 20

Parameter t

For n = 40, the parabolic approximation should work fine for +10, +20, and +3o



The Likelihood Function The parabolic approximation

Intervalos de Confianza: la aproximacion parabolica

O
O e e o e e
O I
< - LLmax - 0.5
E _3: 777777777777777777777777777777777777777
é —
=L
EJD L
— -4
; Y NP L J—[n,aZ( - 2 LO,
-5
-6
- Lmax - 4.5
_7; 7777777777777777777777777777777777777777777
II|III|III|III|III|III|III|III|II|III
0 2 4 6 8 10 12 14 16 18 20

Parameter t

For n = 1, the parabolic approximation does not work even for £1o

32



The Likelihood Function The parabolic approximation 33

Confidence Intervals: the Parabolic Approximation

The recipe for the LLR intervals (also called MINOS confidence intervals) is very simple.

Take the recipe for the parabolic approximation:

68.3% CL : log %, (0c1) = log L max — 0.5
95.4% CL : log %p(0ct) = log Zmax — 2.0



The Likelihood Function The parabolic approximation 33

Confidence Intervals: the Parabolic Approximation

The recipe for the LLR intervals (also called MINOS confidence intervals) is very simple.

Take the recipe for the parabolic approximation:

68.3% CL : log %, (0c1) = log L max — 0.5
95.4% CL : log %p(0ct) = log Zmax — 2.0
99.7% CL : log.%p(0c1) = log L max —4.5

and use the correct likelihood instead of its parabolic approximation:

954%CL : logZ (6c1) = log Zmax — 2.0
99.7%CL : log? (Oc1) = log Lmax — 4.5



The Likelihood Function The parabolic approximation

Confidence Intervals: the log-likelihood ratio (LLR) approximation

S-8o= ]
2 N LLmax - 0.5
2°F // n=15
| RS N LLmax - 2.0
St I \
~42— /
-/
—43— /
W N LLmax - 4.5
-44 _—/
-45 f—/
-/
—46 L 11 J 1 1 1 11 1 1 1 | 11 1 | 11 1
0 2 4 6 8 10 12 14 16 18 20

Parameter t

Start with the full likelihood (7).

. 2 2 2
Draw lines at L max -5, Lmax -5, and Lmax ——>-.



The Likelihood Function The parabolic approximation

Confidence Intervals: the log-likelihood ratio (LLR) approximation

&
O
|

Log Likelihood
I w N ﬁ o —

\

|
SN
a1

R v\ max-20

LLmax - 0.5

LLmax - 2.0

LLmax - 4.5

A
(o)}
oj*l&|llll|l
—
M

log Z(7c1) = log L max — 0.5

68.3% CL :

|
16 18 20

Parameter t

5.077°2

(5.0 + 1.3)

35



The Likelihood Function The parabolic approximation

Confidence Intervals: the log-likelihood ratio (LLR) approximation

Log Likelihood
T 2 [ IT

|
SN
W

|
IS
N

45

—46£ ‘My...

LLmax - 0.5

LLmax - 4.5

log Z(7c1) = log L max — 0.5

log Z(7c1) = log L max — 2.0

10 12 14 16 18 20
Parameter t

68.3% CL : 5.0

95.4% CL : 5.07%8

(5.0 + 1.3)

(5.0 + 2.6)
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The Likelihood Function The parabolic approximation

Confidence Intervals: the log-likelihood ratio (LLR) approximation

e,
O 39
2 N LLmax - 0.5
gF 15
=3 F
E)D -41 ;__ _________________ L _L[n_aZ( - _2'_0_
-1
~42—
_43
Y S I A A R W LLmax - 4.5]
—44—
_45 :—l
_46 ; ‘ \ 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 | 1 1 1 | 1 1 1
0 16 18 20

Parameter t©
log Z(1c1) = 10g Lmax — 0.5 68.3%CL : 5071%  (5.0+1.3)
log Z(1c1) = log Lmax — 2.0 954%CL : 50135 (5.0 £2.6)

log Z(1ct) = log Lmax — 4.5  99.7%CL : 50752  (5.0+3.9)
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The Likelihood Function The parabolic approximation

Confidence Intervals: the log-likelihood ratio (LLR) approximation

AN
@
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N
N
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S~

Log Likelihood

L
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|

n=5

LLmax - 2.0

LLmax - 4.5

L oL
o ©
ST
E
E

log Z(7c1) = log L max — 0.5
log Z(7c1) = log L max — 2.0

log Z(1c1) = log Lmax — 4.5

68.3% CL :
95.4% CL :

9.7% CL -

30

35 40
Parameter t

5.079 1
5.0753

+23.3
5.025%5

(5.0 £ 2.2)
(5.0 £ 4.5)

(5.0 + 6.7)
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The Likelihood Function The parabolic approximation

Confidence Intervals: the log-likelihood ratio (LLR) approximation

Assessing the quality of the likelihood intervals:

Generate a sample of n measurements from the exponential 7 = 2 distribution.
Calculate for this sample the parabolic or LLR interval at a given CL.

Check if the true value (7 = 2) is included in (covered by) the interval.

Repeat the experiment many times (N = 10°, for instance).

Measure coverage: fraction of experiments where Cl contains the true value.

Verify if the coverage of the interval is equal to its Confidence Level.
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The Likelihood Function

The Likelihood Function: extracting the Confidence Interval from ¥

Coverage results for n measurements from an exponential distribution with = = 2.

The CI are obtained at each CL using the parabolic and the LLR approximations.

The parabolic approximation

68.3% 95.4% 99.7%
n Parab. LLR  Parab. LLR  Parab. LLR
1 60.5 64.4 71.8 80.7 77.1 81.2
2 66.6 66.3 79.8 92.6 85.9 93.6
3 67.7 66.9 83.4 95.1 89.6 97.4
4 68.4 67.2 85.4 94.6 92.1 99.1
5 68.1 68.0 87.0 94.9 93.1 99.5
6 68.2 68.5 87.8 95.2 94.7 99.6
8 90.1 95.3 95.4 99.6
10 90.5 95.0 96.3 99.6
15 92.3 95.5 97.0 99.6
20 92.8 95.2 97.8 99.6
30 93.7 95.4 98.3 99.7
40 93.8 95.2 98.8 99.7
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The Likelihood Function Method of least squares 41

Maximum Likelihood Principle — Least Squares Method

For n measurements from a distribution f(x | ), the likelihood is .Z(0) =[] f(z:|0).

When f(z | @) is Gaussian, the ML principle yields the method of least squares,

also called y? minimization:

T — u(9)>

Z0)=]] f(z:10) = Cﬁe %( s —210g$(9)=zn:(mi_gf(9)>2+c’

=1 =1 1=1

Maximizing .Z(0) is the same as minimizing the sum of n gaussians squared,

which is the ¢, distribution.



The Likelihood Function Method of least squares

Alternative nomenclatures used in the litterature

log &

log £ max —
log £ max —
log oiﬂmax -

N[O NI N

3 200N’ CDF Hun Il Preliminary (8.7 fb')
- W polarization at t — Wb vertex
=) Lepton+Jets Channel
£ Fixed f,=0.0

100— \ /
(o]
|

42
2
—log & —2log &£ X
1 2
(_ 10g$max> —I_ § (_QIOmeaX) _|_ 1 Xmin _|_ 1
4 2
(_ logo%max> —I_ 5 (_QIOmeaX) +4 Xmin _|_4
9 2
(_ logo%max> —I_ 5 (_QIOgc’%maX) _|_ 9 Xmin _|_ 9
~ /T T T T T T LB B N B R T L, 10 T E
& | ATLASand CMS —ton  IY NSRS S —— =
< - — =4 —] E it w/o m, measufemel 3
ﬁ 6 é LHC Run 1 -__ gg:l:i:;duzggil g 8 i—_ SM fit w/onm‘yand M, Ipeasurements —;
| 5 B R . 7 :_'-Q-l mii" world average [arKiv:1403.4427] =
E B F HEH min DO measurement [8rXiv:1405.1756] =
T X o S Rt 1Y S SRRy’ —: 6 ;_"O" m{°*® from Tevatron o [BrXiv:1207.0980] _;
o 7 5 £ m®® from CMs o,; [arXig:1307.1907v3] _f
3 - é m°® from ATLAS o, [arXly:1406.5375] 3
. ] e A Ekd
2F - I =
e NN S E 2F E
- \ 7 3 T L & T ——.— =L
Po) N SN N L1 1 oE Ll Ll AR S
124 124.5 125 125.5 12¢ 160 165 170 175 180 185 190
my, [GeV] m, [GeV]
—].n(cg/gmax) — 0.5 = _ln$+ln$max — 0.5 — lng — lngmax - %



The Likelihood Function Method of least squares 43

LLR Confidence Intervals Theory: One—dimensional case

The 68.3% LLR Confidence Interval is composed of the values of 6 that satisfy :

log Z(0) > log £ () —

DO | —

This is a consequence of Wilks’ Theorem:

“Twice the negative log-likelihood ratio is a random variable with distribution X?l)”

AN 3(9|$) 2
) = —2log ————F ~
C.l( ) g 29(9|w) X(1)

Z(0]z)

Notice that the likelihood ratio g—

takes values in the (0, 1] range.
0|x)



The Likelihood Function Method of least squares

LLR Confidence Intervals Theory: One—dimensional case

Wilk’s can also be written as

Z (0] =)

— =2lo$é—210$0=qé~ 2
20| 2) g -Z(0) g-Z(0) (@) ~ x)

—2log

How far can get 6 from 6 with 68% probability?

P {(2 log Z(0) — 2log g(e)) < c] = (.68
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The Likelihood Function Method of least squares

LLR Confidence Intervals Theory: One—dimensional case

Wilk’s can also be written as

Z (0] =)

— =2lo$é—210$9=qéwx2
20| 2) g -Z(0) g-Z(0) (0) (1)

—2log

How far can get 6 from 6 with 68% probability?
P [(2 log £ (0) — 2log$(9)) < c] = 0.68

Using Wilks’ Theorem:
P{q(é) Sc} =068 = c=1
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The Likelihood Function Method of least squares

LLR Confidence Intervals Theory: One—dimensional case

Wilk’s can also be written as

Z (0] =)

— =2lo$é—210$9=qéwx2
20| 2) g -Z(0) g-Z(0) (0) (1)

—2log

How far can get 6 from 6 with 68% probability?
P [(2 log £ (0) — 2log$(9)) < c] = 0.68
Using Wilks’ Theorem:
P{q(é) Sc} =068 = c=1

P [(2 log Z(6) — 2log$(0)) < 1} — 0.68

A 1
68% CL : log. Z(0) > logf(@)—§
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The Likelihood Function Method of least squares 45

LLR intervals: example

25 T T T

20

15

..................................

—In(L)

10

..............................................................................

ol RRTTTITTITT, r . .
0 50 100 150 200 250 300

CEVNS counts

.............................................

Negative profile log-likelihood for the number of CEvNS events present in Csl[Na] data. Likelihood values are shifted to 0.
This result is within the 68% confidence band of the SM prediction shown as a shaded region and a vertical dashed line. The 68%,
95%, and 99.9999% confidence levels (1 sigma, 2 sigma, and 5 sigma) of the fit are shown as ascending horizontal dotted lines.

Science, vol. 357, no. 6356, 2017, pp. 1123—-1126
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Two—dimensional LLR intervals

PHYSICAL REVIEW D 87, 111101(R) (2013)

TWO parameters: L(H | w) = 3(91, 02 | w) ] X Lepton+Jets Data
12 - . NLO PRD80, 054009 (2009)
1| ======-- 68% coverage

The ML estimate is similar:

ZL(01,02|x) > ZL(01,02]|x) V01,02
The intervals are now 2—dim contours: 0.6 0.8 ] 1 1.2 14
(t— Wb)
B(t— Wq)

log Z(01,602) > logg(élyéQ) — %X%,CL

FIG. 2 (color online). The fit results for the simultaneous
measurement of R and o, The X-cross corresponds to the
p maximum of the likelihood; the point with error bar to the

230 68. 3% CL NLO cross section calculation. The two-dimensional confidence

5 regions are shown as well.
where x5 cr = { 6.16 95.4%CL
\ 11.62 99.7%CL
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LLR Confidence Intervals Theory: Multi—dimensional case

Wilk’s for several parameters, 0 = {0}

Z(0|x)

—— = 2log Z(0) —2log £(0) = q(8) ~ X7
202 g2(0) gZ2(0) = q(8) ~ Xk

—2log

How far can get 8 from 6 with CL% probability?
P [(210g$(é) - 210g$(9)> < c] =CL

Using Wilks’ Theorem:
P [q(é) < c} = CL = c= xi.cr (CL quantile)

P [(2logo§f(é) - 210g$(9)) < X%,CL] = CL

A 1
log Z(0) > log Z(0) — B Xi,C’L



The Likelihood Function Method of least squares

LLR Confidence Intervals Theory: Multi—dimensional case

2

A 1
log £(0) > log.Z(0) — 5 Xk.CL

If f(x) has distribution x,,,, the quantile x} -, is defined as:

2
Xk,CL
/ flx)de = CL
0
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The Likelihood Function Method of least squares 49

LLR Confidence Intervals and nuisance parameters: Profile likelihood

Usually a measurement depends on several parameters, .2 (u, 8 | ), divided into
@ parameters of interest, u = {1, -+ , un }, usually one or two;

@ the remaining ones, called nuisance parameters, @ = {01, -- ,0n}.

The profile likelihood is defined as:

Lot (1) = L (11, 0(1))

where the notation (1) means the value of 8 that maximizes ., at fixed p.

==  Profiling produces a likelihood that depends only on the parameters of interest.



The Likelihood Function Method of least squares

LLR Confidence Intervals and nuisance parameters: Profile likelihood

Wilks’ theorem is valid for the profile likelihood ratio:

Q»

_QIOg% — 2log Z(1,0) — 2log L (1, 8) ~ X(n)

a3

where n is the number of parameters of interest, wu.

This yields the same recipe for LLR confidence intervals when removing the nuisance

parameters via profiling

D»

log Z(p,0)

2L max — 9 Xi,CL

50



Lecture 2

Notebook time

e Notebooks:

e Unbinned_Likelihood_fit_IDPASC.ipynb

e [ikellhood IDPASC.ipynb

 Play with the others...



The Likelihood Function Method of least squares

LLR Confidence Intervals Theory: Multi—-dimensional case

1
log £(0) > log.Z(0) — §xi,0L

If f(x) has distribution x{,,, the quantile x} ¢, is defined as:

X%,CL
/ f(r)de = CL
0



The Likelihood Function Method of least squares 49

LLR Confidence Intervals and nuisance parameters: Profile likelihood

Usually a measurement depends on several parameters, £ (u, 0 | ), divided into
@ parameters of interest, p = {u1,-- -, un}, usually one or two;

@ the remaining ones, called nuisance parameters, 8 = {61,--- ,0..}.

The profile likelihood is defined as:

Lot (1) = 2 (1, 0(1))

where the notation (1) means the value of @ that maximizes ., at fixed .

= Profiling produces a likelihood that depends only on the parameters of interest.



The Likelihood Function Method of least squares

LLR Confidence Intervals and nuisance parameters: Profile likelihood

Wilks’ theorem is valid for the profile likelihood ratio:

£ (1, 0)

22 = 2log (1, 0) — 2log L (1,0) ~ b
Z(f, 6)

—2log

where n is the number of parameters of interest, L.

This yields the same recipe for LLR confidence intervals when removing the nuisance

parameters via profiling

>

A

log Z(p, 6)

S N

ogmax _

Xn,CL

DN | =

50



A hint at Bayesian Statistics



Probability with more variables

e Joint probability P(x,y)
(probability of two things happening)
e |f events are independent P(x,y) = P(x) x P(y)
 Marginal probability P(x)
 Probability that x happens, regardless of y
o If discrete: P(z) =) P(x,y)
Y

e Continuous case:

p(z) = / p(z, y)dy



Conditional Probability

* Probability that x happens, given that y happens (i.e. for a
given value of y): P(x|y)

e |f events are independent: P(x|y) = P(x)

e Not otherwise!

|

6 |
$

i

i

| i
|

~J

¢ P(red)=0.4 ~~— @
_ @

e P(red|red)=0.25 |

e P(red|blue) = 0.5 N

* In general P(x,y)=P(x|y)P(y)




I
A worked example: disease in women and men

Disease

No disease

P(XaY) y X — [M!WL Y — [D’ N]
Frequency yields (an estimate of!) probability
P(D,M) =200/1000 = 0.2 (Joint probabhility)

\/ZZ 7))\ ’(ﬁ(((ﬂ;ﬁ))\"y/)!(’s’%\" W
W)

S 1000 people 4
Q2R L TE 2 i< Al

= -;( ) = Q}% ’//g m 5

: \.}b 0= ALY

).
r
(!

-
7\

',z@ff

S




I
A worked example: disease in women and men

Marginal probabilities
P(D) = 300/1000 = 0.3
No disease 300 400 . P(I\/I) = 500/1000 =05
PX,Y), X =[M,W], Y =[D, N] Conditional probability

Frequency ylelds probability - P(D|M) =200/500 = 0.4
P(D,M) =200/1000 =0.2

Disease 100

Applying the rule

‘EM DT A m«‘mn»—wﬂ»m%ﬁ = P (D M)
I a 1000 people i d IO R vy
\ ) s* ;\%{”j]’: e : ()a\‘ ‘)g ; S\ i ‘»
G e - - 0./05=04

|
7

NG
\| =)

A =
‘\ll \‘I:laﬂk’4

=
%rn"-:\\\’ﬁ/A\ *

G, = 2N

(easily extended for PDFs!)




Bayesian Statistics

Frequentist probability: rates at which events occur (needs many
repetitions!)

Bayesian probability: degree of belief

Powerful approach: inference, confidence, use prior information, updates
Widely used in physics and, more recently, in Al

Bayes theorem:

* From the conditional and marginal probabilities

P(Y[X)P(X)|
P(X|Y) =
P(X,Y) = P(Y|X) x P(X) ) P(Y)




Example: am | infected?

e Test for a disease is 90% sensitive: true positive rate (TPP) = 0.9
e |tis 80% specific: True Negative Rate (TNR) = 0.8 (FPR = 0.2)
* Prevalence (fraction of infected): 5%

e So, if | test positive, means there is 90% chance | am infected?

P(Positive|Infected) P(Infected)
P(Positive)

P(Infected|Positive) =

P(Positive|Infected) P(Infected)
P(Positive|Infected) P(Infected) + P(Positive|NotInfected) P(NotInfected)

B 0.9 x 0.05 ~ 19%
0.9 %x0.05+0.2 x 0.95




Modelling data

 Bayesian statistics is extremely powerful for modeling

data
likelihood
maodel /
N\ P(Y|X)P(X) «— prior

posterior: P (X/l’Y) — P(Y)

data
In practice P(X]Y) x P(Y|X)P(X)

Constant of proportionality derived from normalization (probabilities add to 1)

Maximizing the posterior with respect to X one obtains the best model
(within a family) that describes the data

Yields the whole pdf of X: shape, confidence levels / error bars....



Bayesian statistics for
continuous variables

* The likelihood is the joint probability density function (PDF) of
the observed data, viewed as a function of the parameter vector

L£(0|x)=f(x]6)
* For n independent and identically distributed observations:
f(x]0)= IIf%\H
* New ingredient: prior Dlstrlbutlon 7T(0)

* A joint probability density function representing prior

iInformation:
Q/wwywz1
©



Bayes theorem

* Jo combine the likelihood and the prior into a valid
probability density function, we normalize by the marginal
likelihood (also called the evidence):

0 11076

p(x)

* Where the marginal likelihood is the multi-dimensional
definite integral:

/fx\@ 0) do — / F(x |00 00) 76y, .. 00)d0y ... db,
O O4

 Require sophisticated numerical methods (e.g. MCMCQ)



Marginal Posterior Density

e |f you only care about a single parameter and want to
integrate out the nuisance parameters

p((91|X):/ / p(@l,eg,...,(gd‘X)d@g...d@d
©- Oq



Bayesian Statistics

e Bayesian methods are extremely powerful

Inference
use prior information
confidence

can learn from new data: the output (Posterior)
becomes your new Prior when new data comes in

iIn Machine Learning: regression, error bars

 Real world applications use all concepts of this class



Least Squares and Model Fitting

Maximum Likelihood Principle — Least Squares Method

For n measurements from a distribution f(x | 8), the likelihood is £ (0) = [[ f(xi | 0).

When f(x | 0) is Gaussian, the ML principle yields the method of least squares,

also called x* minimization:

S

Z(0) = ﬁ f(z;]0)=C ﬁ 6_%(%—;:(9)) —> —2log . Z(0) = Z (:1:7, _U':L(H))2—I-C'

=1 1=1



Least squares regression

* Find a model (function) that represents (approximately)
the data

e Minimize the distance of a model to the data

D(a,bi {y} {2}) = Y (fla.biws) — y:)°

Y1

f(CL, b; 513‘1)




Goodness of the fit

e |n a normal distribution

n n _l(mi—u(e))Q
20)=]] f@ile)=C]]e 2\ =
1=1 1=1
oy : L4 — ,uz(g)
by definition, the random variable Z; = .

becomes a Standard Gaussian variable with a mean of O and a variance of
1 so we expect, for N-k degrees of freedom (dof):

e y?/dof ~ 1: The data points deviate from the model by exactly the amount expected
from their 16 measurement errors.

e y?/dof > 1: The model is a poor fit (underfitting), or you have underestimated your
measurement errors.

° ,yzldof < 1: The model is tracking the noise instead of the physics (overfitting), or
you have overestimated your measurement errors.



Over and Under-fitting

Play with notebook: PolynomialRegression.ipynb

Synthetic Training Data

3.5

- True Function (Ground Truth)
0.0 O Observed Data (with Noise)

! 1 1 | | |

0.0 0.2 0.4 0.6 0.8 1.0
X

y=wy+ w1 X+ a)2x2 + - + a)MxM



.
Increasing the degree

Grado: 1 Grado: 2 Grado: 3
O O O O O O
3 1 3 1 3 A
@ O O
2 - 2 2 -
O
17 ®) 17 o) 1 O
0 T T T T T T 0 T T T T T T 0 T T T T T T
0.0 0.2 Grado:04 0.8 1.0 0.0 0.2 Grado:0% 0.8 1.0 0.0 0.2 rado:06 0.8 1.0
O O O O O O
3 - 3 3
2 2 2
O
1+ 1+ 1
0 T T T T T T 0 T T T T T T 0 T T T T T T
0.0 0.2 ado:0p 0.8 1.0 0.0 0.2 rado:o® 0.8 1.0 0.0 0.2 Hado:0% 0.8 1.0
O O
3 -
2 -
1 -
0 T T T T T T
0.0 0.2 Gerado: 49 0.8 1.0
3 1 3
2] 2
1A 1
0 il T T T T T 0 Ll T T T T T
0.0 0.2 @rado: 1.4 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
1.0
3 A 0.8 -
0.6 - 2 M
21 s Ll Y= @0+ 01X+ X"+ e + oyX
oy 0.2 1
0 T T T T T T 0.0 T T T T 1

0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0



Overfitting:coefficients diverge

— y=cox"

60000 1 —— y=cyx3

—_—y= C4X4

— y=csx®

. S y= Csxs
40000

— y=cx’

y=cgx®

— y=cox’
20000
0 .
—20000 -
—40000 -
—60000

0.0 0.2 0.4 0.6 0.8 1.0



Empirical: regularization

e Solution: add a regularization term

I & ]
Eiigee (@ 4) = 5 ) (y(xi,0) = 1:)> + 2 ) o
i=1 i=1

3.0 A

2.5 1

1.5 1

1.0 1

0.0

Grado: 9; A: 1.00e-03

O  Entrenamiento
- Curva predicha
- Modelo real

0.0

0.2 0.4 0.6 0.8 1.0

Avoids overfitting



s R S e
Tuning the regularization parameter

Impact of L2 Regularization on Overfitted Model (M = 9)

Degree M = 9 | Regularization In(a) or @ = 0.0

Degree M = 9 | Regularization In(a) or @ = 1e-06

6 6
= = Ground Truth = = Ground Truth
O Training Data O Training Data
5 7 == Ridge Fit 51 == Ridge Fit
4 ..
3 -
et
2 -
1
0
_1 T T T T T T _1 T T T T T T
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
X X
Degree M = 9 | Regularization In(a) or @ = 0.001 Degree M = 9 | Regularization In(a) or a = 1.0
6 6
= = Ground Truth = = Ground Truth
O Training Data O Training Data
5 7 == Ridge Fit 57 == Ridge Fit
4 1 4
(o}
o /
3 - 3 1 //’6 O\\ /l
] o) / \\o /l (o}
/4 \
/ N /
2 1 2 - s N Ay
/ \
’ o\ 0 R
1 1 6 DR
/ (o}
/
0 1 0- 91
—1 T T T T T T _1 T T T T T T
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0




Physics: back to statistics!

e Goodness of fit

 Bayesian evidence—also called the marginal likelihood—is the
normalizing constant in Bayes' theorem. It integrates the product of the
likelihood

Z=P(d|M) :/Q[,(*)w(*)d%*

 Unlike a maximume-likelihood fit or ¥, which only looks at the absolute
best-fit coordinate, the evidence calculates the average performance of
the model across its entire prior range.

e “Built-in” Occam’s factor

e Comparing models: evidence ratio, Jeffreys Scale



What we touched upon

e Likelihood from probability (and their differences)
e Maximum likelihood method

 Uncertainties on the model parameters from likelihood
ratio (Gaussian or not)

* Profile likelihood for nuisance parameters
A peek at Bayesian statistics

* A hint at model fitting



What we didn’t address

e Hypothesis Testing & Discovery Criteria

e Goodness-of-Fit & Model Comparison

e Bootstrap - rassampling

e Systematic errors

e Connected to Bayesian Statistics & Inference

e Markov Chain Monte Carlo (MCMC): Algorithms for marginalizing over
high-dimensional parameter spaces

e Nested Sampling: Algorithms like MultiNest or Dynesty used for
calculating Bayesian evidence and model selection in cosmology.

e Modern methods connected to Deep Learning
e Neural posterior estimators
e Simulation based inference

e Etc., etc.



Discussion

Statistics is a key element in physics, and specially in
particle physics, astrophysics and cosmology

Introduced a few key concepts and worked simple
examples in more detail, but covered a tiny part of the
subject

We are in the era of Big Data and Deep Learning. Modern
statistical methods are an important part, but never give
up the understanding!

Use and have fun with the notebooks



Credits

Part 1 of these lectures was taken from the lectures Confidence
intervals in particle physics by Dario Rodrigues (University of Buenos
Aires - UBA), presented at the Magnificent CEVNS School at CBPF,
Rio de Janeiro (https://indico.cern.ch/event/1458241/), which were

originally prepared by Professor Ricardo Piegaia from UBA.
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